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 The Hartree-Fock approximation 
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 Configuration interaction (CI) 
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 The many-body wavefunction of 1000 electrons 

cannot be stored in the whole universe  
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 Ne atom 

 Storing is not an option (maybe calculating on 

demand is) 
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 In principle, we need to know the many-electron 

wave function 

 According to Hohenberg and Kohn, only the 

electron density is required 
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 Do we really need the many-body wave function? 

 Can we compute the electron distribution 

without explicitly knowing the WF? 
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 Literature 
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 I: The total energy of an interacting system of 

electrons is a unique functional of the density 

 II: The energy takes its minimum at the ground-

state density 
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 I: Uniqueness: We need to show that there is 

only one potential that leads to a certain density 
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 I: Uniqueness: We need to show that there is 

only one potential that leads to a certain density 
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 There is a one-to-one correspondence between 

density and potential 
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 Part II: The ground state energy can be obtained 

variationally: The density that minimizes the total 

energy is the ground-state density 
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 Part II: The ground state energy can be obtained 

variationally: The density that minimizes the total 

energy is the ground-state density 
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 The HK theorem is exact for the ground state 

 It is beautiful  as we only need to know one = 

THE functional to describe any system 

 The only problem is that we don't know this 

functional 

 

 Kohn and Sham set the stage for the practicality 

of DFT  
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 One can divide the energy functional into three 

contributions: 

 

 

 We still don't have a good expression for the 

kinetic energy 
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 We will now carry out the variation with respect 

to the density through a variation with respect to 

the single-particle functions. 
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 Caution: The  were 

derived as Lagrange parameters of the variation 

procedure and cannot a priori be interpreted as 

single-particle energies. 

 The are auxiliary quantities 

which produce the exact density. 

 The  required for the ground 

state is Vxc. 

 The potential is a functional of the density which 

is obtained from the KS orbitals; these, in turn, 

give the density. Thus the  must be 

solved .  
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 Example: Si 
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 Local-density approximation (LDA) 

. 

- high density  
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 Local-density approximation (LDA) 

. 

- low-density (electrons 

form a BCC lattice called 

Wigner crystal) 25 



 Local-density approximation (LDA) 

 

 

. 
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 What about spin? 

 

 

. 
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(LDA similar) 
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 How well (or badly) does LDA work? 

 

 

. 

Philipsen and Baerends, Phys. Rev. B, 54, p. 5326 (1996) 35 



P. Haas, F. Tran, and P. Blaha, 

Phys. Rev. B 79, 085104 (2009) 
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 How well (or badly) does LDA work? 

 

 

. 

Philipsen and Baerends, Phys. Rev. B, 54, p. 5326 (1996) 38 



 It took until 1996 that the proper crystallographic 

phase of Fe could be correctly obtained by DFT 
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 Generalized gradient approximation (GGA) 

 The parameters are chosen to satisfy the 

constraints (PBE: exchange hole sum rule and 

local, and Lieb-Oxford bound) 

 

. 
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P. Haas, F. Tran, and P. Blaha, 

Phys. Rev. B 79, 085104 (2009) 
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 Performance of GGAs 

 

 

. 

Philipsen and Baerends, Phys. Rev. B, 54, p. 5326 (1996) 44 



 

 

. 

M. Shishkin, M. Marsman, Phys. Rev. Lett. 95, 246403 (2007) 

band gaps 
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 Meta-GGAs 

. 

Lucero, Henderson, and Scuseria, J. Phys.: Cond. Matter 24, 145504 (2012) 47 



. 

Perdew et al., Phys. Rev. Lett. 49, 1691 (1982); 48 



 Dependence of approximate DFT on the 

occupation 

. 
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 Connection between the self-interaction error (SIE) 

and the artificial delocalization  

. 

Mori-Sánchez, Cohen, Yang, Phys. Rev. Lett. 100, 146401 (2008) 50 



 Generalized Kohn-Sham (GKS): 

 

 

 

 

 

 

 

. 

chain H16 

repeated M 

times 

Mori-Sánchez, Cohen, Yang, Phys. Rev. Lett. 100, 146401 (2008) 

convex 

concave 

Hartree-Fock is a functional 

within GKS 

 

More “DFT-like”: Optimized 

effective potentials (local 

potentials that approximate 

the non-local HF exchange) 

- numerically complex and 

computationally expensive 
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 Hartree-Fock is self-interaction free, but… 

. 

Brice Arnaud, Universit´e de Rennes, France 52 



. 

chain H16 

repeated M 

times 

Mori-Sánchez, Cohen, Yang, Phys. Rev. Lett. 100, 146401 (2008) 

convex concave 

Idea: combine HF with 

GGA to reduce the self-

interaction error: 
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. 

Perdew, Ernzerhof, and Burke, J. Chem. Phys. 105, 9982 (1996) 

J. Heyd, G. E. Scuseria, and M. Ernzerhof, J. Chem. Phys. 118, 8207 (2003) 
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 Hybrid functionals 

. 

From: “Advanced Calculations for 

Defects in Materials: Electronic 

Structure Methods”, Alkauskas, 

Deák, Neugebauer, Pasquarello, 

Van de Walle (eds.), Willey-VCH 

(2011) 
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 Hybrid functionals 

. 

Perdew, Ernzerhof, and BurkeJ. Chem. Phys. 105, 9982 (1996) 
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 Gradient-corrected density functionals 

 

 Meta- GGA's 

 

 Orbital-dependent functionals 

 

. 
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 Jacob's ladder 
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