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§1. Elementary functions and some constants

Absolute value |z| and sign function sgnx.
Interpolation between linear and exponential function [z], = (’;%11, where ¢ > 1, so that [z]; = .
Minimum and maximum functions: min(a,b) = a A b, max(a,b) = a V b.
1, if A,
Indicator Z{A} = .
0, if not A.

Divisibility m|n is true iff m divides n, i.e. 3k € Z n = km.
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2 Exponential functions

Euler’s constant y = lim,, o0 (3 p_; k7' —Inn) ~ 0.5772.

§2. Exponential functions

Exponent exp z can be defined by the differential equation ¢’ = y. An alternative definition is e® = lim,, o (1 + 2/n)".

Series:
o

Logarithm In z is defined as the inverse exponent x = exp(Inz). Series (|z| < 1):

max(e®, 1)|x|" !

(n+ 1)!

x” 1 1 1
—'—1+x+§x2+6x3+ﬂx4+..., |R,(2)] <

|x|n+1

n+1"

S n+1z ENRI SN S S B
Z =z +3x 49:+ |R,(x)] <

Trigonometric functions sine sinz and cosine cosz can be defined by the differential equation y” + y = 0. They
have period 27. An alternative definition:

. o ) ix _e—i:L- eia;+e—i;c
e’ =cosx +1sinz, sing = ———, €oSx = ———.
2i 2
Series:
0 x2n+1 1 1 |x|2n+3
ner=>Y (-1)' —— =z — = — 2% — ——aT ... Ro, <
i T;( V' onr T E 6" T 1% “som” T (@)l (2n + 3)!
e x2n 1 1 1 |x|2n+2
= —1" =1—-x?+ —at— — Rop _—
cosw ;( o] 2 o Tt [Ren(@)] < o gy

Other trigonometric functions are tangent tanr = 2% (its period is 7), cotangent cotx = ﬁ, secant secx =
L and cosecant cscr = Series (|z] < m/2):

cosx’ sinx®

o 22n (22n _ 1) |BQn‘

1 2 17
t _ 2n—1 - .3 < .5 T
P (2n)! S L T A TR
1 22n |Bgn\ o111 1 5 2 4
te=— — o Dy - g
v = Z c 37T " T oas” ’
2 |Ean| o 1 5 61
= n_l — [E—
sec nz:% (2n)! + 21‘ + 24 ‘4 7201: + .
1 2(22771—1)|Ban| 4, , 1 1 7 31 s
cscx—;—i-; (2n)! T —;—FG —I-% +715120 + ...
Particular values:
r |0 3 T 6 5 1
: V31 VE-1 1 1
sinx |0 e} ) 3 7
. V341 V3 B+l 1
cosx |1 23 5 T 75
1
tanz |0 2—+/3 N 1
T 5w 27 s 3T T
53— |0 53 5 3 10 1

Inverse trigonometric functions have the following series expansions at x = 0:

Z I(n+1/2) a7t +1 n . 5 . ™ .
arcsinx = =z w3 —ab 2 arccosx = — — arcsinz
< T(1/2)T(n +1) 2n + 1 6° T 40" 112 2 ’
2n+1 1 1 1 1
arctanx = E (71)” 1% gsc?’ + 51’5 - ?x7 +..., arccotxr = g — arctan z = arctan =
n=0

There is an extended version of arctangent:

arctan(y, x) = arg(x + iy) = arctan L 7Z{x <0}sgny.
x



Its properties:
arctan(y,z) € (-, m), arctan(—y,x) = —arctan(y,z), arctan(y,—z) = — arctan(y, z).

We will interpret arctan £ as arctan(y, z) keeping the separate signs at  and y.
Hyperbolic sine sinhx and cosine coshx can be defined by the differential equation 3” —y = 0. An alternative

definition:

e” = coshz + sinh z, sinhx:%, coshx:%
Series:

© o 2ntl 1 1 1

i h = o 1N - 3 Tan 5 7 e

o nz::o(%Jrl)! ST T 120" Thoa” T
N 1 1 1

ha = —— =142+ =zt a2+
cosh x ,;)(2”)! +2:c +24$ +7203: +

Other hyperbolic functions are hyperbolic tangent tanhx = Zf;ﬁg; and cotangent cothz = ﬁ Series (|z| <

w/2):

2,227 (22" — 1) By 1 2 17
t hr = n 2n—1 _ _ .3 = 5 __ -t 7
anhe ; (2n)! v S TS TT A

1 oo
the = — E
cothx . + Z

22" By o 1 1 1 4 2

Relation to trigonometric functions

sinhix =isinx, coshiz =cosz, tanhir =itanx,

sinizx =isinhx, cosizx =coshz, tanix =itanhzx.

Inverse hyperbolic functions can be reduced to the logarithmic form:

1.1
arcsinhz = In (x + Va2 + 1) , arccoshz = In (:z: +vVx2 — 1) , arctanhxz = B In . + .
—x
Hyperbolic amplitude (gudermannian)

gdx = 2arctane” — g,

so that

d
, tanhx =singdx, tanh%ztan%.

d
x = Intan <g2x + 7T> , sinhx =tangdz, coshz =

4 cosgdx

§3. Algebraically defined functions

3.1. Lambert W function

Lambert W function is the solution of the equation
W(z)eW ) = 2.

Its branches are denoted by W}, so that the principal branch Wy = W. The branch W) has the second order branching

point at z = —1/e and the logarithmic branching point at infinity, the branch cut is real range (—oo, —1/e). The branches

W41 have the second order branching point at z = —1/e and pair of logarithmic branching points at z = 0 and infinity,

the branch cut is real range (—o0,0). All other branches have pair of logarithmic branching points at z = 0 and infinity

with the branch cut taken to be real range (—o0,0). The branches numbering is of standard counterclockwise rule. The

only exclusion is (—1/e, 0) subcut for the branches W4, this subcut connects these two branches (instead of Wy).
Series expansion for the principal branch:

)n—l



4 Functions defined by series

Series expansion at zero for nonprincipal branches or at infinity (the branches are distinguished by In z) is given by

1-— 1 Inl
W(z) = uv—&—vF(u,v), u:—,v:nnz

Inz ’
where F' is regular function satisfying the equation

1— —vF(u,v)
1—uF(u,v) = 67,

so that F(0,0) = 1.

§4. Functions defined by generating function

4.1. Bernoulli numbers and polynomials
Bernoulli polynomials are defined as follows:
n

ze®* > z
P ZBn(x)ﬁ, |z| < 2.

n=0

The symbolic recurrence relation is
(B(z) +1)" = Bp(z) =na™"', n>0.
)

Bernoulli numbers are B,, = B, (0):

1 1 1 1
By=1 Bi=—=, Bh=—-, By=—— = — Bopi1 =0, n>1.
0 5 1 25 2 67 4 30’ 6 425 2n+1 n
Miscellaneous relations:
27r)2”+1 1 (27r)2” 1
By, < |Banl, 0< 71"“(73“ < —, 1< (=)t By, < .
| 2 ('T)| | 2 ‘ ( ) 2(2n + 1) 2 +1($) 1— 2—27L ( ) 2(2n)| 2 1— 21—2n

4.2. Euler numbers and polynomials

Euler polynomials are defined as follows:

2et? > Py
1= ZE"(x)ﬁ’ |z| < .

n=0

eZ
The symbolic recurrence relation is
(E(z)+1)" + E,(x) =22", n>0.
Euler numbers are F,, = 2"E,,(1/2):

Ey=1, By =—1, B, =5, Eg=—61, FEay41 =0.

§5. Functions defined by series

5.1. Riemann zeta function

Generalized Riemann zeta function is defined as

oo

1
C(Zch) = Z W7

n=0

Standard Riemann zeta function is {(z) = ¢(z,1).
Zeta function with noninteger ¢ is analytic in the whole plane of z excluding simple pole at z = 1 with ¢_; = 1 and
co = —(q). Standard zeta function has simple zeros at points z = —2n, n € N. Other zeros are nontrivial, they lie on



Rz = 1/2 line (Riemann hypothesis) and they are uncountable. The importance of zeta function in number theory comes
from the property
1
((z) = H 1—p=’

p

where the product is over the prime numbers.
Integral representation:

1 0o efqttzfl
e =5 | ot

_ T2 [er?(=)! _ . :
((z0) = ——— fc o4t O ={+0+1-0,0, +00—i-0}.

Some basic properties and particular values:

1
1 In2
C0.9) =5 —a. (0,0 =IT(q) ~ ==,
C(z) = 2°n* Lsin %F(l —2)¢(1 - 2),
1 P o _ (2m)?"|Bay| By,
C(O)——§7 4(2)—3, C(4)—%’ C(Qn)—w, 4(1—2”)——%-
Series expansion at ¢ = 1:
_ St )Tt 2) n
Asymptotic expansion as ¢ — 0o:
R VR In+z—-1) 1 .= 1 1 e rn+z-1) 1
C(z,q+ ) _nz::()( 1)" B, () T(z)n! gnta1 - zq7—1 + 2¢* +n§::1( 1) | Ban| [(z)(2n)! g2nta—1
5.2. Polylogarithm
Polylogarithm is defined as
. _ - 2"
Li(s, z) = 2 vl

Polylogarithm of index 2 is called dilogarithm. The integral representation is

, z [ Thdt
LI(S,Z) = 11(S)/O m

Polylogarithm is analytic in the whole plane of z excluding nontrivial branching points at z = 1 and z = oo with the
branch cut taken to be the real range (1,400) and another pair of logarithmic branching points at z = 0 and z = o
with the branch cut taken to be the negative real axis, note that the last pair of branching points (—o0,0) is absent in
the principal Riemann plane of the first pair of branching points (1, +00). The analytic continuation from the unit disk
is provided by the formula

i 2m)* . 1
Ll(s7 Z) + e‘ewlLi (3’ Z_l) — (F?:S))GSTU/ZC (1 _s, 211;) ,

the analytic continuation across the branch cut (1,400) is provided by the formula

. 27i
Li(s,z) — Li (s, 2ze*™) = —<In*"' 2
( ) ) ( ) ) F(S) 9
and the analytic continuation across the branch cut (—oo,0) is determined as for the ordinary logarithm function.
Some properties and particular values:

Li Li(s — 1 . .
0 1(;? Z) _ 1(5 - 72)7 Li (S,Zn) — sl kz::lLl (8726271’11@/71> 7

Li(s,1) =¢(s), Li(0,2) = Li(1,z) = —In(1 — 2).



Functions defined by integral

Series expansion in powers of In z at point z = 1:

. s— - C(S B n) n
Li(s,2) =T(1 — s)(—Inz)"* + E T(lnz) ,
n=0
asymptotic expansion as z — —oo:
. = 27r)2”1"(2n —3) 1
L ~>  |[(1=2"%") By, :
i(s,2) 1 ) Banl SFa— o) o

n=0

5.3. Lerch phi function
Lerch phi function generalizes Riemann zeta function and polylogarithm:

n

oo
z
(I)(Za S, Q) = T NS
,; (q+n)°
so that ((s,q) = ®(1, s,q) and Li(s, z) = 2®(z,s,1). Its analytic properties is the same as of polylogarithm.

Integral representation:
(I) 1 e qtté 1 d
2,8,q) = t.
( %) I(s) /0 1—ze™?

Some properties:
D(z,8,q) = 28(z,5,¢+1) + ¢

Series expansion in powers of In z at point z = 1:

29®(z,8,q) = A Cnl) Z (s lnz)

lnz

For efficient computations with large ¢ the following formula can be used

I'(1—s,—qlnz) d\" /1 1
@ = R’ﬂ = A T ?
(2,5,q) 20 (—Inz)i—s +Z nl n+s ’ (2) ( Zdz) (lnz * 1z>

here R, is analytic at 1 despite the two addends are diverging progressively with n, thus requiring use of series around 1
computed recursively. Note that R, (z) = n!/(In2)"*! + (=1)"Li(—n, z) for n > 0.

§6. Functions defined by integral

6.1. Exponential integral and related functions
Exponential, sine and cosine integrals have different definitions. We use Maple definitions:
v et t + cost
Ei(x):/ %dt, Si(a / &dt Ci(x):—/ ﬂdt

Series expansions:

2 .’Eg "
Ei(z) =~ +1 —+=
() =~v+nz+x+ Tttt
(E3 (E5 (_1)nx2n+l
Siz)=2——+——...
@) =235+ 50 tentnens
2 IL'4 (71)711,277,
() = vt I — zt (=1)"az?
Cilw) =y+Inw =7+ ge+ 4 5o

Logarithmic integral can be reduced to Ei:

/ A Bi(n ).



6.2. Error function and Fresnel integrals

Error function has different definitions. We use Maple’s definition:

2 [T
erf(z / ud dt, erfc(x) = 1 — erf(x), erfi(x :—/ el dt = —ierf(iz).
=7 (z) (z) (z) 77 ), (iz)

Series expansion:

f( ) 2 .’ES N .’£5 N (_1)nx2n+1 N
erffx) = ——=|z—-——4+——-—...+ ———
VLS 3 10 (2n + 1)n! ’
asymptotic expansion as x — +o0:
1 _2/1 1 3 (=D)™(2n —1)N
erf(x)wl—ﬁe <$_2$3+4$5_”.+2n$2n+1+”. .

Inequalities: erfc(z) < e .
Fresnel sine and cosine integrals have also different definitions. We use Maple’s definition:

(&)@ (o) G e

Asymptotic expansions as z — +00:

1 1

S(@) =5 = gy oo (57°) = o (32°) +-
1 1

C(z) = 5 T —sin (gﬁ) —573 008 (gﬁ) — ...

§7. Elliptic functions

Elliptic function is a doubly periodic meromorphic function. The minimal periods are denoted by 2w and 2w’. The
order of an elliptic function is the number of poles in the elementary cell with their multiplicity counted. Elliptic functions
have many remarkable properties. One of them is that an elliptic function is fully determined (plus arbitrary constant) by
only its periods, poles and principal parts in these poles. Any two elliptic functions with identical periods are connected
by an algebraic (polynomial) equation. The same statement is valid for an elliptic function and its derivative.

7.1. Elliptic integrals

Elliptic integrals of the first, second, and third kinds are defined as follows (z = sin ¢):

k)_/¢ da k)_/z dz
0 V1—k2sin?a o V1 —22)(1— k2a?)’

¢ (1 — k2z2
k)Z/ V1 —k2sin® ada E(z,k) / Wa?)
0

1—;102
da

¢
II(p, v, k) :/ =
0 (1—wsin®a)V1 —k2sin®«

Here k is the modulus and ¥’ = v/1 — k2 is the complementary modulus. Elliptic integrals of the complementary modulus
are called complementary elliptic integrals and denoted by prime, e.g. K'(k) = K(k’). Limiting cases:

F(6,0) = E($,0) = 6, F(6,1) = Intan (Z ; ¢) . E(6,1) = sin.

M(z,v,k) =

/0 (1— m;z)\/a —22)(1 — k222)

2

Complete elliptic integrals are K(k) = F(n/2,k), E(k) = E(n/2,k) and (v, k) = II(7/2, v, k). It should be noted
that the third integral can be reduced sometimes to the first two. The first and second integrals can be expressed via
hypergeometric function as follows:

11 9 _om 11 5
K(k) = F(2 5 1k>, E(k)—2F< 2,2,1,k).



8 Elliptic functions

This representation suggests that the complete elliptic integrals should be considered as functions of the argument m = k>
instead of k. Both K(m) and E(m) are analytical functions except two branching logarithmic points m = 1 and m = cc.
The branch cut is usually the real range (1, +00).

Series:

7 1, 9, @2n—1)1\* ,,
K(k)2<1+4k + o +...+( @ k4],

I 1, 3 (2n — DIN? k2
E(k)_2<1—4k —64k4—...—< ) ) 2n—1_"'>’

o 1 1 ) (2n — 1IN\ ? m L)) e
H(u,k)—2<m+2m(l+m)k +...+<(2n)” ) F(l, +2, +1; )k +>

Series expansion at k = 1:

C2m L oL 2L (@ro DI
K(k) = “K(K)In 5 — 2k? = ok =~y DL k .
2 4 1 13 on (2n — 1)\ ?
E 14 2K — BB — — -2 22,4 2o
(k) = 14 2 [K() — B In 35 — 747 = Gk C"(zn—1)< (2n)! )k ’
O 1 ~In2  Y(n+1/2) Y(n+1)
Cnimzzlm(Qm—l)i 2 + 4 4

Differentiation formulas:

OF(p,k) 1 <E<¢,k>—k'2F<¢>,k> Jsin ¢ cos ) OE(p.k) _ E(d.k) — F(¢,k)

ok k2 k VI k2sin? ¢ ok k ’
dK 1/ E K dE  E-K
dk — k \ k72 ’ dk k
Transformation formulas provide analytic continuation and simplify calculation of the complete elliptic integrals:
1 k
K <k: + i()) =k [K(k) +iK(k")], K (1]{#) = kK'K(k),
1 . 1 2 . / 2 1 . k 1
the following transformations are mutually inverse:
1-F 2k
R = —_—, = s
1+ K 1+k
1—K 1+ K 1-—K E(k) + K'K(k)
(1+k’> 2 (k), <1+k’) 1+k
2 2 2E(k) — k"?K
K (2/E _(1tRKk), B VE\ _ 2B(r) — 57K(r)
1+k 1+k 1+ kK

The third elliptic integral II(v, k) can be transformed to the interval v = [—k, k] using the identity

T 1

"2 /0 ka)(1 - k/a)

(ka, k) + I(k/a, k) — K(k) T{(1 - ka)(1 - k/a) > 0}.

Miscellaneous relations:
KE' + K'E — KK’ = 7/2.

7.2. Jacobi elliptic functions

Jacobi amplitude is the inverse of the first kind elliptic integral: F'(amz,k) = z. Note that modulus is usually
omitted in Jacobi elliptic functions. Elliptic sine and cosine are snz = sinamz and cnz = cosamz. Delta of

amplitude is dnz = diglz and Jacobi zeta function is znz = E(am z, k) — zE/K.

Limiting cases:

k=0: amz =z, snz =sinz, cnz =cosz, dnz =1, znz = 0 (as (k?/4)sin 2z2),

k=1: amz=gdz, snz=znz=tanhz, cnz =dnz =1/coshz.



Elliptic sine, cosine and delta of amplitude are the second order elliptic functions with two simple poles in unit cell.

2w 2w’ ZEeros poles residues
sn | 4K 2iK’ 2mK + 2niK’ 2mK + (2n + 1)iK’ (=)™ /k
cn | 4K 2K + 2iK’ (2m 4+ 1)K + 2niK’ the same (—1)™*tn/(ik)
dn | 2K 4K’ | 2m+ DK+ (2n + 1)K’ the same (—1)"/i

Their transformation properties:

iz kz 2+ K 2z+iK' 2+ K+iK' z+2K 2+ 2K’
isn(z,k) 1 1 1 d
sn 1csr?(zz,k’) % Sh (Z’ E) (Cilrllz ksnz k:nzz —snz snz
1 1 ks id ik’
cn cn(z,k’) dn (Z’ E) - dzllzz 7;6511”112 7k’1cnz —cnz —cnz
dn(z,k") 1 k' i ik’ sn
dn cr?(j,k’) cn (Z’ E) dn z B scr?zz crlez dn z —dnz
Particular values:
0 K/2 iK' /2 (K—HK’)/2
<n | 0 1 i Vitk+iv/I—
VITE N \/?F
k! 1+k (1-1)
cn | 1 T+ % \/1?
|1 vF iR VIR

Amplitude has period 4iK’ and branching logarithmic points at 2mK + (2n + 1)iK’, also am(z + 2K) = 7 + am z and
am(z 4+ 2iK’) = 7 — am 2. Zeta function is meromorphic with period 2K.
Some identities:

sn?z+cen?z=1, dn’z=1-kK*sn?z=k?+k*cn’z,

51C2d2 + 3261d1 c1C2 F 5152d1d2 d1d2 F k251526162

t2)=—-555— t29) = —FF555— d +29) =
su(z £ 22) 1—k2s2s3 enz1 £ 22) 1—k2s2s3 n(e1 £ 22) — k2s%s3

92 l—cnz 2% cnz+dnz 22 cnz+dnz

sn® — = ———, cn’ - = —, dn - = ——

2 1+dnz 2 14+dnz 2  l+4cnz
Differentiation:

(amz) =dnz, (snz) =cnzdnz, (ecnz)' = —snzdnz, (dnz) = —k?snzcenz, (znz) =dn’z — E/K.

Differential equations: sn z satisfies the equations s” = (1 — s2)(1 — k%s?) and s” + (1 + k?)s = 2k%s3, am z satisfies
the equation ¢ + (k%/2)sin2¢ = 0.
7.3. Weierstrass elliptic functions

Weierstrass function p(z) is defined as the second order elliptic function with one pole in unit cell at point z = 0
with the principal part 2=2 and @(z) — 272 equal zero at this point. Expansion in full partial fractions yields

1 1 L
p(Z) - 272 - nzz,n |:(Z - QWmn)2 - (2w7”")2 ,

where wy,, = mw +nw’, 2w and 2w’ are periods, and all double sums are over Z? excluding m = n = 0 in this subsection.
p is even function. The first derivative of the Weierstrass function is also of great importance due to the following
theorem: Any elliptic function can be presented in the form R; [p(2)] + ¢’ (2)R2 [p(2)], where R 2 are rational functions.
Weierstrass zeta function ((z) is defined as an odd function satisfying equation ¢’ = —p. Weierstrass sigma function
o(z) is defined as an entire function satisfying equation ¢’/o = (. Both ( and o are not elliptic functions. o is odd
function. ¢ has simple poles and o has simple zeros at points 2wy,.,.

Some notations and definitions:

o(z+ w;)

o(wi)

Alternative definition of the Weierstrass function follows from the normal elliptic Weierstrass integral of the first kind:

/+°° dw oo dw
z =

o(z) V4w — gow — g5 5 VAw —er)(w — eg)(w — e3)’

e 7,

w=w, wp=-w-uw, w=w, N=Cqw), 7=CW), nm=Cw) oi(z)=




10 Elliptic functions

or the corresponding differential equation w'? = 4w?® — gow — g3. Periods, invariants gs 3 and roots e 2 3 are connected
by the relations:

er+exte3 =0, ejea+esez+eser =—go/d, ereses = g3/4, e; = p(w;),

1 1
=60 D EE—— = 140 P ——
g2 ;l (2wmn)47 g3 ;L (2w 6

mn)

The combination A = g3 — 27¢2 = [4(e; — e)(e2 — e3)(es — €1)]” is the discriminant. If A > 0 then e1,2,3 are real, w is
real, and w’ is imaginary. In this case

+oo dw dw

€3
w = 5 (,UIZI/ .
e VAP —gw—g; oo /4w + gow + g3

If A < 0 then eg is real, e; 3 = a £ if, and w,w’ are complex conjugated so that w; = w + w’ and we = w — W' are
determined from

" Foo dw " i €2 dw
1= - ) 2 = = .
es V4w — gow — g3 —0 v/ —4wd + gyw + g3
If A =0 then:
im
1) er=ey =a, e3 = —2a, w=o00, W = , z) = a + 3asinh ™2 (zx/3a),
) 1 2 3 \/@ p( )
T
2) e1 = 2a, ex = e3 = —a, w = , W = ioo, 2) = —a + 3asin 2 (Z\/Sa ,
) 1 2 3 \/@ p( )
3) eg = ey =e3 =0, w=o00, w =ioo, p(z):z*Q, ((z):zfl, o(z) = z.
Transformations:
1 (p'(z1) — @’(Zz))2
p(z1+ 29) = —p(21) — P22 +(
(Gt z) = =pla) = ol2) 4 oG — o)
Lp'(21) — 9'(22)
z1+ 22) = ((21) + (= s —
C( 1 2) C( 1) C( 2) 2 9(21) _p<22)
o(z1 4 2)0(z1 — 22) = —0%(21)0%(22) (p(21) — 9(22)) ,
C(Z + 2(*)1) = C( ) + 27717
0(z + 2wi) = —0(2)e®H ) gz 4 2w;) = (—1)% 0y (2)e?n FHen),
Series:

p(Z)*i+g—; 2*;% Ay 1;’?2)02%...,
o(z) = z—% 5 851130 21— ...
Relations to Jacobi elliptic functions:
elw + n egw +7

e

2 23 /

ke = P =wy/e13, K =—iw'\/e;3, E= E = f’
13 V€13

u =z /e13, snu= 61 cnu = plz) — e dnu = m
\V o(2) —e3’ \/ (2) —e3’ p(z) —es’

where e;; = e; — e; and all the square roots are uniquely determined by

p(z) —e; = €ij =

Miscellaneous identities and equations:

1

o) =zew [ (c)- 1)t o =00 - g2
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7.4. Jacobi theta functions

Generally a theta function is any quasi doubly periodic entire function that is

0(z+1)=0(2), 0(z+7)=e2"*9(2), I > 0.

Jacobi theta functions are defined as follows:

= Z exp [im(n + 1/2) +ir(n + 1/2)%7 4+ in(2n + 1)2]=2 Z )" ("+1/2)2 sin(2n 4+ 1)z,
nez
Os(z,7) = Z exp [ir(n+1/2)°7 +ir(2n + 1)2] =2 Z g t1/2? cos(2n + 1)wz
nez n=0
O3(z,7) = Z exp [iwnzT + iw?nz] =1+2 Z q”2 cos2nmz,
nez n=1
e 2
04(z,7) = Z exp [imn + irn®r + in2nz] =142 Z(—l)”q” cos 2nmz,
neZ n=1

where ¢ = €™ is the nome, |q| < 1. Values at zero are denoted as 6; without arguments that is 6; = 6;(0, 7).

Properties and transformations:

period parity Z€ros z24+1/2 z47/2 z+1/247/2 z+41 z+47 24147
91 1 odd m -+ nTt 92 1B04 393 791 71401 A91
0o 1 even (m + %) +nT —64 Bos —iB6, —0y A, — A0,
03 2 even (m + %) + (’I’L + %) T 04 Bo, iB6, 03 Als Afls
04 2 even m+ (n + %) T 03 iB6, Bo, 04 —Al, —Af,

where ; means 6;(z,7), A = e 7(22+7) and B = e i7(z+7/4)
Relations to Jacobi elliptic functions are based on the elliptic modulus function k%(g) = (62/63)* and its inverse nome
function q(k?) = exp(—7K’/K). They can be approximated as follows:

1+4¢? 11— VE
k? ~16g————, =e+4 2% +15¢% + 15013 4 .., £== :
q1+8q+24q2 ¢ 21+ k'

Elliptic integrals and Jacobi elliptic functions:

1 1641 1 ir 0/

K = —n62 K' = —irK E=-——2_ E=—(1-—+2
2" T o 0 02 02 ( 27 0, )

03 01 (Z) 94 02(2) 94 63(2’)

sn(2Kz) = — , cn(2Kz) = — , dn(2Kz) = — .

Relations to Weierstrass elliptic functions (7 = w’/w):

13 2w ’ 12w2 ) 2 1202 ) 3 1202 s 12w9,17
w01 01(2)\° ) om0\ 0(22)
o) <2w92+1> ( 2 =123, e =-\5 ) iy
2 =2 2 — 0 nwz
C(wz) =2z + — % 9 )’ o(2wz) 70} 1(2)

Miscellaneous identities and equations:

1 2
6‘1 = O, 9/1 = 7T9293947 931 = 93 + 93, 91(2)92(2)93(2)04(2) = 591(22)920394, 4171’% = %
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§8. Gamma function

8.1. Gamma function

Gamma function generalizes factorial and can be defined by the integrals

I'(z) :/ e 't* 7t dt,
0
1

2isinmwz

I'(z)=

7{ e H(=t)*'dt, C={+o0+i-0,0, +o0—i-0}.
C

The function 1/I'(z) is entire and the gamma function has only simple poles in points —n with residue (—1)"/n!.
The characteristic equation for the gamma function is
T(z+1) =2I'(2)
providing additionally the logarithmic convexity IT'T” > I'"2. Other properties include

™

PEIA-2)=——, I(2)= T(2),
[ nzf% n—1 . ﬁ N 22271 B B 1
[(nz) = (27) 2 n kl:[or( +n>, ['(2z) ﬁr( )r( +2>.

Particular values

P(1)=T@2) =1, T(1/2) =7 D(-1/2)=—2V7,

I'n+1)=n!l, T <n+ ;) = \/7?(2;17; DL = \/ZEZL)'

Usually gamma functions enter formulas in combinations. The first is Pochhammer symbol:

I(z+v)

(x)y = T(z)

in particular,
(@) =z(x+1)...(x+n-1),

so that (z)o =1 and (z), =0 for x € {0, —1,...,1 —n}. Another combination is binomial:

(l/) B I'v+1) _ !
p)  Tlp+D0(v—p+1)  plv—p)!
Series:

InT(142)=—vz+ i w,z"
n=2

Infinite product:

oo

g T e

n=1

Asymptotic expansions:

21 [2\* >~  DBa, 1 1 1
F — - <7) R 1 = =—|1—- — cee )
(2) z \e k(z) nR(z) 7;1 2n(2n —1) z2n—1 12z ( 3022 + )
v(v—1)
s=ar 1+ 22 )
(x) x ( + o + >
n! =~ V2mn (%) e12”i3/4, relative error < 0.6% for n > 0.06,

m -1

") 2 e _MJFO(n—z) n>m,

m m! 2n

. ) 1 1—p+p?
(m) > ew [_n(ulnu+(1—u)ln(1—u))— glu(l =) - or—s

(upper limit can be obtained by removing O(n™') term, both approximations are accurate for m > 1),

m l4a n on+l n l—-a n+1 3+ a?
if — = th ~ —al — n(l—-a?)—- ——— 1.
P T e <m> Vo P {20‘ M, g e 12n(1—a2)}

+O(n_2)], m=pun, n>1
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8.2. Incomplete gamma function

Incomplete gamma function

x o0
v(z,z) = / e 71 dt, [(z,2) = / e 'l dt = T(2) — (2, x).
0 T
It can be expressed via degenerate hypergeometric function as follows:
Y(z,2) = 2 tae T ®(1,1 + z; 1), I(z,2) =e (1 — 2,1 — z;2).

Note that v* = y(z,2)x~#/I'(z) is entire function of both arguments z and x.
Series expansion in x:
el (71)nxz+n

7(2733) - Z

T
— nl(z+n)
Integer z:
no_k n41 n-1 k
— € (_1) . —x (_1) k!
I'n+1,z)=nle Z L I'(—n,z) = i <E1(—m) +e |
k=0 k=0
Asymptotic expansion as z — +00:
M(1-—s,2)=¢e"" Z +
:L-’I'L S
n=0

Miscellaneous identities:

T

v(z+1,2) = z7y(2z,2) — x%e™ 7,

fe%e] z—1 ZA—T o0 —tyi—2z
t t
I(z,2) = xzfle*$/ et 1+ = dt= ¢ / ¢ dt,
0 x r1—-=z2)J), x4+t

Ve + (2 + 1+ 2)7; + 27" =0.

8.3. Polygamma functions

Digamma function is the logarithmic derivative of the gamma function ¢y = (InT')’. Polygamma functions are its
derivatives ¥(™) so that )(®) = . Some basic properties and particular values:

YO =TE), et =bE) 5, (- 2) = () + ot ;Z ( > Cam,
V(1) ==y, P(1/2) =—y—2In2, H(1/3)=—y— 2% - SITnS Y(1/4) = — — 5 —3In2.
Series expansion:
YA +2)=—v+ Z not
Asymptotic expansion as z — +00:
1 —Bwm 1 _ 1 1 1

Mz - - — s
22 Lo 2 T 2T 222 10

Miscellaneous relations:

= 1 1 o (et e *t
o= () = ) (7o) @

M) (5) = (— n+1n.Oo 1 _ (_1\n+1 e D"l ¢(n .
W) = ()Y s <1>/0 = (C1)"al ¢+ 1, 2),
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§9. Bessel functions

Bessel functions of the v-th order of the first and second kind J,(z) and Y, (z) (also known as Neumann function)
can be defined as real solutions of the differential equation z%y” + zy’ + (2% — v?)y = 0. Complex conjugated (for real
arguments) solutions HF (z) = J,(z)£iY, (z) are the Hankel functions (H,(,l) = H,} and P = H, ). Modified Bessel
functions (Bessel functions of an imaginary argument) of the v-th order of the first and second kind I,,(x) and K, (x) can
be defined as real solutions of the differential equation z2y” + 2y’ — (2% + v?)y = 0.

In what follows Z,, and C,, denote one of cylindrical functions J, Y or H. Subscript n implies the integer index.

Series at x = 0 (R = o0)

- (=1* I\ 2k+v Jy(x) cosmv — J_,(x)
(@) = Z m <§) ’ Yole) = sin T ’

=
i
o

M8

1 x\ 2k+v
L(w) = L(k+ v+ 1)k! (5) ’

b
I
o

and in the limit ¥ — n the second kind functions tend to

18 (n—k—1) yz\2k—n 2 2 1 Yk +1) + ok +n+1) foy\2ktn
Ylw) = =2 kZ:O k! (5) G }kzzo(_l)k (k + n)lk! (5) :

n—1

(_1)kw ($)2k—n I lng I(2) + (=) =k + 1)+ (kb +n+1) (E)zk-s-n.

k! 2 2 (k + n)lk! 2

xr
k=0 k=0

Relations between Bessel and modified Bessel functions:

I(z) =1"J,(12), K,(z)= gi”"’lHl(,l)(iz), —m < argz < g i =el™/2

ind,(z) = (-1)"K,(—iz) —1"K,(iz), —nY,(z) = (-1)"K,(—iz) +1"K,(iz), |arg z| <

T
2
Index inversion formulas:

Hi — e:i:iﬂ'qu:/i:’ K—u _ K}/;

-V

Zon=(-1)"Zy, I_n=1I, Jijop=(-1D"Y 12, Yijop=(-1)"""J0 10, n € Z.

Differentiation formulas:

(x_”Z,,)/ =—x " Z,41, (,’EVZV)/ = a¥Z,_1,
(.lf_l/[,,)/ = Z‘_VIU+1, (J,‘DIV)/ = a:”]u_l,
(x*”Kl,)/ = -z "K,41, (x”Ky)/ ="K,
and recurrence relations:
2v ,
Zy—l + ZI/+1 - 7Zu7 Zu—l - Zu+1 - 2Z]/7
T
2
[l/—l - Il/+1 = lly, Iu—l + I,,+1 = 2];,
T
2v ,
Kl/—l - KV+1 = *7Kua Ku—l + Ku+1 = 72Ky'
T
Wronskians:
2si 2 4i 1
Wl T (@) = 22 WL, @) = —, WIHS Hy @) =——, WL, K@) =——.

T ™ T €T
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Asymptotic expansion as x, z — +00:

2 T T . TV T
Jy(x) ~ P [Au(x) cos (x —5 = Z) — B, (z)sin (:1: B Z)] ,
2 v om o
Y, (z) ~ - [Al,(x) sin (ac —5 - Z) + B, (x) cos (m -5 Z)] ,
2
A)=1-0("), B)=""1ow),
n 2 w7
)~y ew | (-5 - )]
1 Z A— . Fimv 1 —z A+ 73 oT
I,(z) Twze A, (z) Lie 27rze AJ(2), < targz < —,

T _, 3T
Ko(2) ~ o[ e A5, Jarge] < 2
2 _ 2 _ 2 _ _ 2
Af(z)—(lj:4yg 1(114” 9(11...14'/(%1)(11...)))).
z

16z

Uniform approximations (uniform on & for |argé| < 7/2):

/ 1 n > 1. 1
IV(VE)N 9 7%1—"_526 <1+nz_:1yn n( /714_52))’
~ ™ eV - (_1)nu 1
Ku(l/g) A | o ,71 +7£2 (1 + ; o n ( /71 +§2>> )

n=+v1+&+In ¢ ,

where

14 /1+4¢2
lnf+1+(f)2—1(5)4+ R I
.50 ™Mo 2 ol\a) T ML ST o T
t(3 — 5t2) 2(81 — 46212 + 385t%)
t:i t:
() or 0 ) 1152

Crossing integrals:

/ {(a2 — b))z — v ; K } Z,(ax)C,(bx)dx = bz Z,(ax)C,_1(bz) — axZ,_1(ax)C,,(bx) + (v — p) Z,(ax)C,,(bx),
2
/Zf(ax)x dz = % <x2 - a2> Z2(ax) + %x2ZL2(ax).

Integral representations:

Jy(x) = l/o cos(vt — xsint) dt,

T
1 [t
K,(x)= 5/ exp(—x cosht — vt) dt,
—0o0
J()—i(f)yft*”*x t—Z—Q dt, |argz| < C={-00+i-0,0, —00 —i-0}
A —27_[_1 2 o €exXp At ) arg z T, - oo s Uy o] 9

1
H¥(2) = —;/C exp (—izsint +ivt) dt, Cy ={-i-o00, 0, Fm, Fr+1i- 0o},
+

1 [ t x dt
K, - B .
(@) =3 /O eXp( 2z Qt) o1

Generating function:

eiz sint _ Z Jn(z)eint.

neEZ
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Addition theorems:

oip O+ peti¢

" Tn(ez) = Jnk(az)Ju(b2)e™?, @ =a®+ b+ 2abcos g, e T At be o

kEZ

27V Z,(kz) = < > Z 21 Y Jugi(kz1) 25" Zyq1(kz2) CY (cos®), 2% =22 4 25 — 22120080, 21| < |2o),
1=

d d
E He”‘i”ilni(xi):eanln(z), zcosha = E ricoshq;, xsinha = g z; sinh ay.

ni+...+ng=ni=1 =1 =1
niEZd

Zeros of the Bessel function J,, are denoted by j, ., where m > 1 is zero’s number. They are real for real v. At large
v Or M Zeros j,.., can be approximated by vu(mm/v), where u(t) satisfies the equation t = vu? — 1 — arccos(1/u) and
can be approximated by

1

u(t) =1+ %(3@2/3 +0 (t4/3) , =0, u(t)=(t+7/2) - 2W+7/2)

+0(t+7/2)7?%), t = oo.

For a half-integer index cylindrical functions reduce to elementary:

2, d \" sinz n
Jnt1y2(z) = \/;x +1/2 <_1‘dx> — Jopr2 = (=1)""Y, 10,

2 d \" cosx N
Yoqi1/2(z) = —\/>96 +1/2( ) ; Y 12 = (=1)"Jnt1/2s

rzdz T
1

o7 n—i—k
n+1/2 2:1; Z k' ) .

§10. Legendre functions

10.1. Legendre functions

Legendre functions P*(z) (P? = P,) and Q"(z) can be defined as solutions of the differential equation

2
(1 — 22w — 22w’ + (V(V +1) — 1 ﬁ z2> w=0. (10.1)
Its reduced form is
d?y  p*—3 1\? y(©)
,ding e Y= <1/+2) Y, where z = cos&, w(z) = e

The wronskian is

greinm T (VL) [ ()
(1 _ Z2) T (uf,;Jrl) T (u7;2L+2) :

WP}, Qul(z) =

We choose the default branch cut to be (—oo,—1) and (1,400). This is the optimal choice for an argument lying in
(=1,1) interval. The imaginary parts of P* and Q¥ change their signs on the cut. However sometimes we assume the
branch cut to be (—oo,1). This choice is declared either explicitly or implicitly in formulas containing subexpressions
which are real for an argument z > 1 and complex for z < 1. In this case the imaginary part of P# changes its sign on
the cut and Q# discontinues in more complicated way. Maple’s default choise is (—oo, 1), therefore don’t forget to set
properly the corresponding environment variable.

Representation via hypergeometric function:

N
1 1+2\72 1—-z

n _ 1 -

Py () I(1—p) (1—2) F( vyt Ll =g 2 )’

Qu(z),ﬁei“”F(V‘LMJFl)(l_ZQ)E viptl vipt2 31
VT vl D(y +3/2)  vtedtl 2 72 '
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Legendre functions with negative indices

p_ Tw—p+1) 2 .
P!, | =PH P = pnr 2 10.9
v NOETESAG CoS U 7TQl,smwM , (10.2)
_ QEsinm(v+ p) — TP cos v cos T ., Tw—p+1) ( _
. B = H Z pr )
Q-1 sinm(v — p) ’ @y T(v+p+1) Qy cosmp + o o sinmp )

and negative arguments
P(=2) = PU()cosmlv +p) — Q=) sinm(v + p),
Q(=2) = —QU(2) cos (v + 1) = £ PL (=) sinm(v + p),
are another solutions of the Legendre differential equation. Recurrence relations:
(2~ DS P = (= pk Py — (v 4 )Pl = Pl 4 /T 2P,

(2V+1)ZP#:(V—M+ )P+1+( +M)Pl/ 1

and the same formulas for Q¥. Special index relations (here the branch cut is (—o0,1)):

—v—1/2 z B g e~ ium 1/4
P_”_1/2< z2—1>\/;1’(1/+u+1)( ) Qy (2)-

Products of Legendre functions can be integrated by using the formula
2 / dw’,  duwl

For any given p > 0 the Sturm-Liouville problem (see also (12.1))

(1 —22)y" — 22y +(1/(1/+1) 2>y—0

y(z) = 0(1), = — +1 (10.3)

has the eigenvalues v = n + y, n € Zy, corresponding to the eigenfunctions P, !, (x) ~ (1 — 2?)*/2P%#(z) with the
normalization

|
P p P H — On v :
/ n+u k+u( )dx ) k(u+n+1/2)F(2N+n+1)

An alternative spectral problem can be formulated when v > 0 is fixed in (10.3). In this case the discrete spectrum
consists of the eigenvalues = v —n, n = 0, [v] corresponding to the eigenfunctions P}'~*(x) with the normalization

1 dx n!
n—v k—v _
/,1 P @b, (x)l -2 On (v—n)'2v—n+1)

The domain p? < 0 constitute the continuous spectrum.
Integral representations:

P4 (cosh a) sinh* « /1 (1 — 52);471/2 d¢ sinh* a /Do dz
cosha) = = ,
v 20/l (41/2) J_1 (cosha + Esinh o)™~ 26y/al(n+1/2) J_ o cosh”t 1z cosh” ™" (z + a)

10.2. Legendre polynomials and their dual functions

In case of integer p = m the eigenfunctions of (10.3) can be written as PJ* (see 10.2) and are called Legendre
quasipolynomials; functions P = P, are called Legendre polynomials. Note that in physical applications the
functions P/ = (—1)™P™ are called Legendre quasipolynomials. The second solution of (10.3) with u = 0 is given by

(for alternative branch cut just change the sign under the logarithm).
Legendre polynomials P, can be defined also as orthogonal polynomials of an order n on [—1, 1].
Some identities!:

(n+1)Poy1=(2n+ 1)zP, — nP,_1, nP, =naxP,_1 + (2% — 1)P7/1 1 (2 — )P, = nxP, —nP,_,
.  Pun@) = Pua@) _ (22— )P, Qi) ~ Qual)

LAll identities for P, in this subsection are valid for Q, unless otherwise stipulated.
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10.3. Hyperspherical harmonics and quasipolynomials

Hyperspherical quasipolynomials ]57;”"1 are the eigenfunctions of the following Sturm—Liouville problem (a > —1/2
and integer m are parameters):

(1 —2%)y" —2(a+ zy + <n(n +2a+1)—

1 d [ 9ei1,dy m(m + 2a)
————— |sin®“ 0= |+ (nn+2a+1)— ———= |y=0
sin2etlp dg ( a0 ( ) sin2 0 Y
with the boundary condition (10.3), which correspond to the eigenvalues n = m, ... ,00. Note that P"%(cosf) is a
polynomial in cosf and sin 6.
This is not a new mathematical function, since the above differential equations are equivalent to (10.3), so that

pra(y _ 2T +(111>_<2:1)+! D

m(m+2a)\
1— a2 >y0

or

(1-—2?) o/ P ().

Hyperspherical quasipolynomials are normalized in such a way that [:’,T’O = ]5,’;“ are Legendre quasipolynomials
and }5,9’“ = C’SH/ % are hyperspherical or Gegenbauer polynomials. The latter can be defined by the generating function
(It} < 1)

(1—2tx+2) 72 =3 BO(a)en,
n=0

Explicit expression and normalization:

mj2 A" Epe(x) p0.a

~ 2a + 1) 1 —a dn
pma —(1— 2 PO :( n 2_1 2_1n+a
1 ~ a T B 1—2a
/ P (z) P (z) (1—2°)" do = / P%(cos 0) P (cos 0) sin®* ! 0 df = 6,5 2 5 F(2CH; L+n+m) ,
o ' : ’ [t 1) (o miGas 1+ 2

in particular:
2a+1 (2a+1)(2a + 3)
6

P'* = (2a+1)sinf, P,* = (2a+1)(2a + 3)sin 6 cos b, P2 = (2a 4+ 1)(2a + 3)sin® 0,

Pyt =1, PP =(a+1)x, P)= ((2a+3)2* —1), P} = ((2a +5)z° — 32),

the case a = 0:

1 1 1
Py=1, Pi=x, P, = 5(3552 —1), P3= 5(5x3 —3z), Py = g(35954 — 3022 + 3),

. - - . 3 . .
P! =sin6, P} =3sinfcosf, P} =3sin’4, P} = 5(5 cos?f — 1)sin6, P§ = 15sin*fcos? 0, Py = 15sin> 6.

Hyperspherical harmonics Y}, ;,m(0n,...,01,$) = Yy (n) are the eigenfunctions of the Laplace operator A,, on a
hypersphere in R"*2, here
1 0 0 Anq 0?
A, = 2 (sinn0,-2 , Ay = —, 0 0,m), 0,27).
sin” 6,, 96,, <Sm 39n> + sin® 6, 0= 542 k € (0,7), ¢ €(0,2m)
The eigenvalues are A,Y = —l,(l, + n)Y, where I, > ... > I > 0 and —l; < m < [y, so that the multiplicity is

% (l":”). The principal hyperspherical harmonic is Y7, 0...0(0n,...) = Y1, (6,) depends only on 6, by its rotation all

other Y) of the order [,, can be obtained.
Explicit expression and normalization:

Ya(n) = ®u(0) [T 7 (08), (o = Im), (10.4)
k=1

Lo92—kg (lk + 1 +k— 1)!
? = @, ’

where ®,,, can be chosen in exponential form, e™? ||®,,||> = 27, or trigonometric,
cosmao m >0 T m # 0
(I)m(d)) = . 7 ’ ||¢)WLH2 = 7 ’
sin |m|¢, m <0, 2, m = 0.

Addition theorem:

> 5 (MY () _ [@+n) (+n-— 1) Y,(0)
heVk (4m)"F ! Y2117

ln—1...lim

where 6 is the angle between n and n’.
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10.4. Spherical harmonics

In quantum mechanics spherical harmonics are chosen in the following form (Wikipedia, Mathematica)

2410

™ (cos imé .
<)) B (cos ) ™, (10.5)

so that ¥, = (=1)"Y},

3

. This definition differs from (10.4). The lowest order spherical harmonies:

1 /3 /3 . ; /5
Yoo = e Yi0 = yp cosl, Y41 =7F gsm Get? Yoo = ﬁ(l — 3cos? ),
15 . ; /15 ; [ 7
Yoi1 =F § cosfsinfe™? Yoy, = 3Tsm 2geti2? Yy, = FCOSQ(E)COS 0—3),

21 i 105 . 35 .
Yspr1=7F 51z Sn 0(5cos* 0 —1)e™'?,  Yaip = \/;cos fsin® et Vi = $\/;Sin3 Get13¢,

The real valued (tesseral) spherical harmonics are
Yio =Y, Yim=(-1)"V2RY}, for m >0, Vi, = (-1)"V23Y];, for m < 0. (10.6)

For a fixed ! this basis is usually ordered as follows: {0,1,-1,2,—-2,...}.
If the coordinate system is rotated by Euler’s angles in y-convention so that *’ = R(«, 3, )7, the spherical harmonics
transform by the formula

Yzm 9/ / Z Dmm/ 57’7)}/1777,’(97(1))7
where D is unitary Wigner’s rotation operator given by

mm’( B ’7) = elm(x+im/7 dinm’(ﬂ% mm’( B ’7) (_'77 _67 —OZ),

, 2k+m+m’ 2(l—k)—m—m’
2 (—1)lkmm (COS é) (sin§>

D

Ay (8) = /(L m)l (1 =~ m )(”m/)!(l_m/)!; R+ m+ m)0— k= m)ll — & —m)]

(in the last sum all terms with a negative argument of the factorial are zero). The matix d,,,,/ is antisymmetric wrt to
the main diagonal and symmetric wrt to the antidiagonal:

d%rn’m = dl—m,— r= (_1)m+m dinm’

m

In particular,
47

2l +1

Dém(a>ﬁv7) = (_1>m lm(657>

The decomposition

li+l2
- 1 \matma 2L+ 1)L+ 1)20+1) (11 1y 1 l1 lo l
Yiym, Yiom, = l—|lz:l I( 1) \/ 47 0O 0 O mi Mg —Mp — M2 Yimsma;

where in braces are Wigner 3j-symbols, can be used for evaluation of matrix elements

<MMU@@WmﬁE/MM7KmﬂQ

In particular, the selection rules for (lymy |lm|lams) matrix elements are: m = my —ma , |l —la| <1 < Iy + I3, and
l1 + lo + 1 must be even. For [ = 1 nonzero elements are the following ones:

)
(I =1, m|cosB|l,m) = (I,m|cosB|l —1,m) = 42 _1°
. , l 1
(Il,m|sin® €|l —1,m — 1) = (I — 1,m — 1|sind e ¢|l,m \/( +m412j1n )’

. | —m+1
(I —1,m[sing &®|l,m—1) = (I,m—1|sinf |l — 1,m \/ 412 ;’” ).


https://en.wikipedia.org/wiki/Table_of_spherical_harmonics
https://mathworld.wolfram.com/SphericalHarmonic.html

20 Hypergeometric functions

Other integrals:

1
/ Yim ()Y (n) f(nn) dQ A = 811 S 27r/ Py(z)f(x)dz.

-1

The basis for harmonic polynomials consists of the polynomials

Y (6, ¢). (10.7)

If Y are normalized in (10.7) then the addition theorem reads

l+m l—m
R (71 + 72) Z Z <11 +m1) (h B m1> hiymy (11) ity m—m, (r2),

ll 0 m1:—l

note that all the terms in the above sum with |m —mq| > — I3 are zero.

§11. Hypergeometric functions

Generalized hypergeometric function is defined by the series
> (a)n - (ap)n 2

pFo(ar, ..., ap;br, ... b 2) = g (bl)ipi'

o e !

We use the brief notations for hypergeometric functions omitting their indexes:

pFylar, ... ap;b1, .. b0 2) = Flag, ... ap;b1,...,by; 2).

11.1. Hypergeometric function 2/1
Hypergeometric function o F} is defined by the series

F(a,b;c;2) Z (cnn'

(the convergence radius is 1 at least). If a or b is a nonpositive integer —m then F' is a polynomial of the order m. If
¢ € Z_ then F is undefined but

lim F(a,b;c; 2) _ (@) (b)m Jmp

e tmi1 T T(c) m! (atm,btm;l+m;z2).

An alternative definition is via the hypergeometric differential equation

z(1=2)w" + (c—(a+b+1)2)w — abw =0, (11.1)
whose reduced form is k ) K ) )
R | 2?1
1!
— =0
y+< 22 Taa =2t T =g )y ’

here w(z) = 27¢/2(1 — 2)(¢=a=b=D/2y(z), X\=1—¢, p=c—a—b, v = a — b. The solution of (11.1) for ¢ ¢ Z_
wy(z) = F(a,b;¢; 2), wo(z) =2 Fla—c+1,b—c+1;2 —¢;2)

with the wronskian (1 —¢)z=¢(1 — 2)(¢=¢=*=1_ Under any choice if w;(0) = 1 then wy(z) diverges at 0 as 2'~¢ for ¢ # 1
and as Inz for ¢ = 1. If ¢ = m where m € N then

_ R - _1 '(1_m)" -n
w1(z2) = F(a,b;m; 2), wo(z) = F(a,bym;z)Inz — 7;1 Dn = D) z
Z 0l [V(a+n) —(a) + &0+ n) = ¢(0) —Pp(m+n) +¢(m) —d(n+1) +£(1)].

l
— (m nn!
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If ¢ < 1 then the substitution w(z) = z'~“0(z) into (11.1) yields the hypergeometric equation with @ = a — ¢ + 1,
b=b—c+1,c=2—c.
Transformation formulas:

F(e)T'(c—a—10) F(e)T'(a+b—c)

F(a,b;c;z):F(C_G)F(C_b)F(a,b;a+bfc+1;1fz)+ T (T () (1—2)" " Flc—a,c—bc—a—b+1;1—2)
- (apTEre=o -aF( et D) OO )

(1-2) “F(a,c )
—1

= (1 -2 F(c—a,c— bcz)

Integral representation:

1
F(a,b;c;2) = 71))/ t (1 — )77 (1 — 2t) T2 dt.
- 0

11.2. Hypergeometric function 1/1

Degenerate hypergeometric function (the first Kummer function) 1 F(a; ¢; z2) = M(a, ¢, z) can be defined as the
solution of the degenerate hypergeometric equation

2w + (¢ — 2)w’ — aw = 0. (11.2)
The second solution gives the second Kummer function
v M(a,c,z) 1M1 +a—c¢2—c¢z) _
U = — ¢ =27 %I 1 —c—1/z).
(a,¢,2) sinte |T(1+a—¢)T(c) : I'(a)T'(2-c) @ eblal+a—ca-1/z)

Note that sometimes M and U are denoted by ® and ¥. The function M is entire whereas the function U has the
logarithmic branch cut (—o0,0). Series at zero gives an alternative definition:

o~ (@) 2"
M(acz)zz = |z] < 1.
) ) ' )
= (¢)n n!
Integer parameters requires a separate consideration. Let m is a nonnegative integer. If a = —m then M is a

polynomial of the order m and U becomes proportional to M, in this case the function

a2t M1 —m—c,2—c¢,2)
lim T =- . .
amsm (@)Uac,2) sinme I'(2 — ¢)

gives the second solution of (11.2). If ¢ = m + 1 then U is undefined but the integral representation gives the so called
logarithmic solution

_ (=™t c- (@) 2"
U(a,m+1,z2) = ol T(a —m) M(a,m—i—Lz)lnz—i—;::OWJ(a—i—n) -1 +n) =91 +m+n)] Tt Dl
N (m—1)! L a— m), 2™
I(a) 4 . 1-m), n!
Finally, if ¢ = —m then M is undefined but
. M(a,c,z)  (a)m m
c—)lirvnn—i-l L'(e)  m! M(a+m,14m,z)
and U can be evaluated by the identity
U(a,1 =m,z)=2"U(a+m,1+m,z).
Integral representations:
M(a c, Z) ( ) /1 ztta 1(1 7t)cfa71 dt
T(a)T(c—a) ’
Ula,c,z) = / e (1)t de,
I'(a) Jo
1 o+ioco F T
M(a,c,z) =53 - a—i(—cs—)’_ s() )(—z)s ds, —Ra<o<0, |arg(—2)| < g,

—Ra < 0 <min(0,1 — RNe), |argz| < 3%

1 U+1°°Fa+sF(lfcfs)F(fs) .
U(a,c,2) 2—/ T(@(a—ct 1) (—2)°ds,



22 Orthogonal polynomials

Asymptotic expansions as z — oo:

oo 1 o
Ula,c,z) ~ 2z~ Zﬂ(fz)*”,
n=0

_Z\[(a7 c, Z) ~ eiiﬂ—ar(];(f)a)U(a7 c, Z) CCL Z Ll_a)nz_"’

where £+ means the upper or lower half-plane.
Whittaker functions M, ,(z) and W), ,(z) are the solutions of the differential equation
1w L2
" 4
—— 4= =0.
vt < 4 + z + 22 Y

It can be obtained from (11.2) by the transformation w(z) = e*/227%/?y(z) with u = ¢/2 — a and v = ¢/2 — 1/2 (note
that a = —n, n € Z, corresponds to p = v +n + 1/2). In this way

M M
(W>#,V<Z) = zr/+1/2e—Z<U)(l/2 —p+v,2v+1,z).

Some integrals:

r@2s+1) \°
(25 + ))> F(—n,—a,—a;1,—a—2s—n;1), n € Z.

> a—1 2
/o T MG ,s(2) dr = ! T+ 25 + 1+ n) <F(25+1—|—n

§12. Orthogonal polynomials

For Legendre and Gegenbauer polynomials see the spherical harmonics.

12.1. Jacobi polynomials

Jacobi polynomials P2 are orthogonal polynomials on [—1,1] with

2a+b+1 (n+a)l(n+0)!
2n+a+b+1 nl(n+a+b)!’

[ Bt R0 00+ ) e = g
They satisfy the differential equation

A—2®)y"+(b—-—a—(a+b+2)2)y +nn+a+b+1)y=0

and therefore reduce to the hypergeometric function:

1_
P,‘jb(x):<n+a)F<—n;n+a+b+1,a+1; x)

n 2

2 —1\" (n+a\/n+d\ [z+1\"
2 = k n—k z—1

Explicit form:

Sl -2y o)t

Particular values:

P (—gz) = (~1)"P%(z),  Po(1) = ("*“), Po(z) =1, Po(z)="2 5 by <1 + ”b) z.

n 2
Recurrence relations:
2n+1)(n+a+b+1)(2n+a+ b)Pﬁil( ) = [(271 +a+b+1)(a®—b*)+2n+a+ b)3x] P;le(x)
—2(n+a)(n+0b)(2n+a+b+2)P%, (z).

Generating function:
2a+b s

R(I—t+R“(1+t+R)P =Y Pl@i",  R=V1-2ut+e.

n=0
For any given a,b > 0 the Sturm-Liouville problem

(1 —z?)u" — 2zu + (y(y—i— 1) — @/ _ b2/2) u=0,

1—x 14z (121)
u(z) =0(1), x — £1

a+b

has the eigenvalues v = n + ,n € Z, corresponding to the eigenfunctions (1 — z)%/?(1 4 2)*2P%(z).
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12.2. Chebyshev polynomials

Chebyshev polynomials T, satisfy the differential equation
(1 -2y —ay +n?y =0, x € [~1,1].

Their orthogonalization properties, recurrence relations, explicit form, and particular values:

/1 Ty (2) T () de— s /2, m#0,
- s T = mn
1 V1—22 , m =0,

Tni1(x) = 22T, (x) — Tr—1(x),

T, (x) = cos(n arccos x), To=1 T =z, To=2z>—1, Ty = 42> — 3z, Ty = 8z* — 822 + 1.

12.3. Laguerre polynomials

Laguerre polynomials L%(x) (L2 = L,,) can be defined as the eigenfunctions of the Sturm-Liouville problem in an

infinite domain
zy" + (a+1-2)y +ny =0,
y(z) =0(1), z — +0,
y(z) = o(e*), z — +o0.

Laguerre polynomials L¢ are orthogonal polynomials of an order n with the following weight:

(12.2)

e r 1
/ L (z) L, (x)e Pzt da = 5nm(n+7'a+).
0 n!
Note that sometimes alternative definition is used: La(n,a,z) = (=1)*n!L%__ (z). Since (12.2) is the degenerate

hypergeometric equation (11.2)

L% (x) = <” ;: a)M(—n; a+1;).

Explicit form:

L oo o d” Zn n+a\ (—z)*
a _ — T a x nta\ —
L”_n!ex dx"(e T = <n—k) kO
k=0
in particular,
1 2 1
LS:l’ L?:a/—‘,—l—x, ngw—(a+2)m+§x2

Recurrence relations in n:

d
(n+1)Ly,y=2n+a+1—-2)L; —(n+a)l;_, xd—L% =nL’ —(n+a)L;
T

n—1s

other recurrence relations:

d
Li=Li7 4 L, oLt =t o)l - (n-o)lh, LG = —Let,

Generating functions

oo

1 —tx a "
(1=t “PT ¢ T > Ln@),
n=0
e (14 1)" =D La ()t
n=0

Uniform approximation for n — oo (valid for 0 < y < 1):

(Z!y)a"'l/Qe_l’yszI (21/y2) =(1- y2)71/4 VETL(vE), where v =2n+a+1, € =y\/1 —y? + arcsiny.
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12.4. Hermite polynomials
Hermite polynomials H,, satisfy the differential equation

y" =22y +2ny =0, ze€R.

Their orthogonalization properties, recurrent relations, explicit form, and particular values:

+oo R
H,(2)Hy(x)e™™ dx = 2"n\/T Spmn,
—00
Hy,i1(z) = 2zH,(z) — 2nH,, (), H/ (z) =2nH, _1(x),

_z2 [n/2

2 d"e™ (=1)™n!
Hy(z) = (—1)"e =y
n(@) = (=1)" dz» Z m!l(n — 2m)!

(zx)n—Qm,

Hy=1, Hy =2z, Hy =42 — 2, Hy = 82> — 12z, Hy = 16z* — 4822 + 12.

Relation to other functions:
H,(z) =2"sgnx U(-n/2,1/2,2%),
Hop(z) = (=1)F2%%k1 L% (2?),  Hopr () = (=1)%2% k1 2L}/ (22) .
Some integrals:
[eS) -1 k;22k 2—«a T 14a = ok 1
/ J;O‘_le_Ian(x) d$: ( )k 2]97(1 21_)k ( 2 )’ " * ’
: (1221 (152), T (3). m=2k
a2 V/T(2R)! (1 - a)”
/0 e Hyp(z)dx = TR ESVER

e VA2k + 1! (1 — )k
/0 @ (@) dr = o

/ eo‘(xb)QHn(:C)dx:\/?< O‘_1> H, (b a >
0 o a a—1

§13. Generalized functions

Heaviside function 0(x) is defined as the piecewise function

14 0, z <0,

sgn T

G(x)ETg: 1/2, z= =0,
1, z > 0.

It can be expressed via the functional sequences:

1 1 1 | rar g
0(z) = lim (2 + p arctan ax) = lim 3 (1+erf(az)) = aHToo 9—exp(—az) _ aEIﬁr—loo = /_OO Slfyly dy.

a—r+00 a—+00

Its Fourier transformation is determined by the integral

1 1 [T sinkz

Dirac function 6(z) can be defined as the derivative of the Heaviside function 6 = €’. Generally the Dirac function
and its derivatives are defined by the functionals
(=)™ (f™(x +0)+ f™(x —0)), a<z<b,
(_1)nf(n)(a+0)7 r=a,

(_1)nf(n)(b - O)a r=0b,
otherwise.

b
/ F@)6™ (y — x)dy =

O = N M=
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It can be expressed via the functional sequences:

. 1 15 . 1 1 . 1 _ @2 . sin kx
§(z)= lim ———— = lim —F— = lim e 202 = lim .
e=+0 T e + € e=+0m T —1  0—=+0 /2752 k—+oc0 TX

Its Fourier transformation is determined by the integral

If ¢ has only single zeros denoted by £ then

The multidimensional Dirac function is defined as follows:

3@) = [[ o), o(Ac—1) = detAa(x_Aflb).

Identities:

1

r2sin 0

5(r — a) = 5(r — a)3(0 — 0,)5(6 — d), / F(r)3(r) AV = / £(r)8(r) dr,

r

1 1
o) =39 () =32 (5 / LJas= [ sy
|z|" = sgn =z, (sgnzx) = 26(x).



