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§1. Elementary functions and some constants

Absolute value |x| and sign function sgnx.

Interpolation between linear and exponential function [x]q =
qx−1
q−1 , where q ⩾ 1, so that [x]1 = x.

Minimum and maximum functions: min(a, b) ≡ a ∧ b, max(a, b) ≡ a ∨ b.

Indicator I {A} =

{
1, if A,

0, if not A.

Divisibility m|n is true iff m divides n, i.e. ∃k ∈ Z n = km.



2 Exponential functions

Euler’s constant γ = limn→∞
(∑n

k=1 k
−1 − lnn

)
≈ 0.5772.

§2. Exponential functions
Exponent expx can be defined by the differential equation y′ = y. An alternative definition is ex = limn→∞ (1 + x/n)

n
.

Series:

ex =

∞∑
n=0

xn

n!
= 1 + x+

1

2
x2 +

1

6
x3 +

1

24
x4 + . . . , |Rn(x)| <

max(ex, 1)|x|n+1

(n+ 1)!
.

Logarithm lnx is defined as the inverse exponent x = exp(lnx). Series (|x| < 1):

ln(1 + x) =

∞∑
n=1

(−1)n+1x
n

n
= x− 1

2
x2 +

1

3
x3 − 1

4
x4 + . . . , |Rn(x)| <

|x|n+1

n+ 1
.

Trigonometric functions sine sinx and cosine cosx can be defined by the differential equation y′′ + y = 0. They
have period 2π. An alternative definition:

eix = cosx+ i sinx, sinx =
eix − e−ix

2i
, cosx =

eix + e−ix

2
.

Series:

sinx =

∞∑
n=0

(−1)n
x2n+1

(2n+ 1)!
= x− 1

6
x3 +

1

120
x5 − 1

5040
x7 + . . . , |R2n+1(x)| <

|x|2n+3

(2n+ 3)!
,

cosx =

∞∑
n=0

(−1)n
x2n

(2n)!
= 1− 1

2
x2 +

1

24
x4 − 1

720
x6 + . . . , |R2n(x)| <

|x|2n+2

(2n+ 2)!
.

Other trigonometric functions are tangent tanx = sin x
cos x (its period is π), cotangent cotx = 1

tan x , secant secx =
1

cos x , and cosecant cscx = 1
sin x . Series (|x| < π/2):

tanx =

∞∑
n=1

22n
(
22n − 1

)
|B2n|

(2n)!
x2n−1 = x+

1

3
x3 +

2

15
x5 +

17

315
x7 + . . . ,

cotx =
1

x
−
∑
n=1

22n |B2n|
(2n)!

x2n−1 =
1

x
− 1

3
x− 1

45
x3 − 2

945
x5 − . . . ,

secx =

∞∑
n=0

|E2n|
(2n)!

x2n = 1 +
1

2
x2 +

5

24
x4 +

61

720
x6 + . . . ,

cscx =
1

x
+
∑
n=1

2
(
22n−1 − 1

)
|B2n|

(2n)!
x2n−1 =

1

x
+

1

6
x+

7

360
x3 +

31

15120
x5 + . . .

Particular values:

x 0 π
12

π
10

π
6

π
5

π
4

sinx 0
√
3−1
2
√
2

√
5−1
4

1
2

1√
2

cosx 1
√
3+1

2
√
2

√
3
2

√
5+1
4

1√
2

tanx 0 2−
√
3 1√

3
1

π
2 − x 0 5π

12
2π
5

π
3

3π
10

π
4

Inverse trigonometric functions have the following series expansions at x = 0:

arcsinx =

∞∑
n=0

Γ(n+ 1/2)

Γ(1/2)Γ(n+ 1)

x2n+1

2n+ 1
= x+

1

6
x3 +

3

40
x5 +

5

112
x7 + . . . , arccosx =

π

2
− arcsinx,

arctanx =

∞∑
n=0

(−1)n
x2n+1

2n+ 1
= x− 1

3
x3 +

1

5
x5 − 1

7
x7 + . . . , arccotx =

π

2
− arctanx = arctan

1

x
.

There is an extended version of arctangent:

arctan(y, x) = arg(x+ iy) ≡ arctan
y

x
+ π I {x < 0} sgn y.
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Its properties:

arctan(y, x) ∈ (−π, π), arctan(−y, x) = − arctan(y, x), arctan(y,−x) = π − arctan(y, x).

We will interpret arctan y
x as arctan(y, x) keeping the separate signs at x and y.

Hyperbolic sine sinhx and cosine coshx can be defined by the differential equation y′′ − y = 0. An alternative
definition:

ex = coshx+ sinhx, sinhx =
ex − e−x

2
, coshx =

ex + e−x

2
.

Series:

sinhx =

∞∑
n=0

x2n+1

(2n+ 1)!
= x+

1

6
x3 +

1

120
x5 +

1

5040
x7 + . . . ,

coshx =

∞∑
n=0

x2n

(2n)!
= 1 +

1

2
x2 +

1

24
x4 +

1

720
x6 + . . .

Other hyperbolic functions are hyperbolic tangent tanhx = sinh x
cosh x and cotangent cothx = 1

tanh x . Series (|x| <
π/2):

tanhx =

∞∑
n=1

22n
(
22n − 1

)
B2n

(2n)!
x2n−1 = x− 1

3
x3 +

2

15
x5 − 17

315
x7 + . . . ,

cothx =
1

x
+

∞∑
n=1

22nB2n

(2n)!
x2n−1 =

1

x
+

1

3
x− 1

45
x3 +

2

945
x5 − . . .

Relation to trigonometric functions

sinh ix = i sinx, cosh ix = cosx, tanh ix = i tanx,

sin ix = i sinhx, cos ix = coshx, tan ix = i tanhx.

Inverse hyperbolic functions can be reduced to the logarithmic form:

arcsinhx = ln
(
x+

√
x2 + 1

)
, arccoshx = ln

(
x+

√
x2 − 1

)
, arctanhx =

1

2
ln

1 + x

1− x
.

Hyperbolic amplitude (gudermannian)

gdx = 2arctan ex − π

2
,

so that

x = ln tan

(
gdx

2
+
π

4

)
, sinhx = tan gdx, coshx =

1

cos gdx
, tanhx = sin gdx, tanh

x

2
= tan

gdx

2
.

§3. Algebraically defined functions

3.1. Lambert W function

Lambert W function is the solution of the equation

W (z)eW (z) = z.

Its branches are denoted by Wk so that the principal branch W0 ≡ W . The branch W0 has the second order branching
point at z = −1/e and the logarithmic branching point at infinity, the branch cut is real range (−∞,−1/e). The branches
W±1 have the second order branching point at z = −1/e and pair of logarithmic branching points at z = 0 and infinity,
the branch cut is real range (−∞, 0). All other branches have pair of logarithmic branching points at z = 0 and infinity
with the branch cut taken to be real range (−∞, 0). The branches numbering is of standard counterclockwise rule. The
only exclusion is (−1/e, 0) subcut for the branches W±1, this subcut connects these two branches (instead of W0).

Series expansion for the principal branch:

W (z) =

∞∑
n=1

(−n)n−1

n!
zn.



4 Functions defined by series

Series expansion at zero for nonprincipal branches or at infinity (the branches are distinguished by ln z) is given by

W (z) =
1− v

u
+ vF (u, v), u =

1

ln z
, v =

ln ln z

ln z
,

where F is regular function satisfying the equation

1− uF (u, v) =
1− e−vF (u,v)

v
,

so that F (0, 0) = 1.

§4. Functions defined by generating function

4.1. Bernoulli numbers and polynomials

Bernoulli polynomials are defined as follows:

zexz

ez − 1
=

∞∑
n=0

Bn(x)
zn

n!
, |z| < 2π.

The symbolic recurrence relation is
(B(x) + 1)

n −Bn(x) = nxn−1, n ⩾ 0.

Bernoulli numbers are Bn = Bn(0):

B0 = 1, B1 = −1

2
, B2 =

1

6
, B4 = − 1

30
, B6 =

1

42
, B2n+1 = 0, n ⩾ 1.

Miscellaneous relations:

|B2n(x)| < |B2n|, 0 < (−1)n+1 (2π)
2n+1

2(2n+ 1)
B2n+1(x) <

1

1− 2−2n
, 1 < (−1)n+1 (2π)

2n

2(2n)!
B2n <

1

1− 21−2n
.

4.2. Euler numbers and polynomials

Euler polynomials are defined as follows:

2exz

ez + 1
=

∞∑
n=0

En(x)
zn

n!
, |z| < π.

The symbolic recurrence relation is
(E(x) + 1)

n
+ En(x) = 2xn, n ⩾ 0.

Euler numbers are En = 2nEn(1/2):

E0 = 1, E2 = −1, E4 = 5, E6 = −61, E2n+1 = 0.

§5. Functions defined by series

5.1. Riemann zeta function

Generalized Riemann zeta function is defined as

ζ(z, q) =

∞∑
n=0

1

(q + n)z
,

Standard Riemann zeta function is ζ(z) ≡ ζ(z, 1).
Zeta function with noninteger q is analytic in the whole plane of z excluding simple pole at z = 1 with c−1 = 1 and

c0 = −ψ(q). Standard zeta function has simple zeros at points z = −2n, n ∈ N. Other zeros are nontrivial, they lie on
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ℜz = 1/2 line (Riemann hypothesis) and they are uncountable. The importance of zeta function in number theory comes
from the property

ζ(z) =
∏
p

1

1− p−z
,

where the product is over the prime numbers.
Integral representation:

ζ(z, q) =
1

Γ(z)

∫ ∞

0

e−qttz−1

1− e−t
dt,

ζ(z, q) = −Γ(1− z)

2πi

∮
C

e−qt(−t)z−1

1− e−t
dt, C = {+∞+ i · 0, 0, +∞− i · 0}.

Some basic properties and particular values:

ζ(z, q + 1) = ζ(z, q)− 1

qz
, ζ(z, 1/2) = (2z − 1)ζ(z),

ζ(0, q) =
1

2
− q, ζ ′(0, q) = lnΓ(q)− ln 2π

2
,

ζ(z) = 2zπz−1 sin
πz

2
Γ(1− z)ζ(1− z),

ζ(0) = −1

2
, ζ(2) =

π2

6
, ζ(4) =

π4

90
, ζ(2n) =

(2π)2n|B2n|
2(2n)!

, ζ(1− 2n) = −B2n

2n
.

Series expansion at q = 1:

ζ(z, q) =

∞∑
n=0

ζ(n+ z)Γ(n+ z)

Γ(z)n!
(1− q)n.

Asymptotic expansion as q → ∞:

ζ(z, q + x) =

∞∑
n=0

(−1)nBn(x)
Γ(n+ z − 1)

Γ(z)n!

1

qn+z−1

x=0
=

1

zqz−1
+

1

2qz
+

∞∑
n=1

(−1)n+1|B2n|
Γ(2n+ z − 1)

Γ(z)(2n)!

1

q2n+z−1
.

5.2. Polylogarithm

Polylogarithm is defined as

Li(s, z) =

∞∑
n=1

zn

ns
.

Polylogarithm of index 2 is called dilogarithm. The integral representation is

Li(s, z) =
z

Γ(s)

∫ ∞

0

ts−1 dt

et − z
.

Polylogarithm is analytic in the whole plane of z excluding nontrivial branching points at z = 1 and z = ∞ with the
branch cut taken to be the real range (1,+∞) and another pair of logarithmic branching points at z = 0 and z = ∞
with the branch cut taken to be the negative real axis, note that the last pair of branching points (−∞, 0) is absent in
the principal Riemann plane of the first pair of branching points (1,+∞). The analytic continuation from the unit disk
is provided by the formula

Li(s, z) + esπiLi
(
s, z−1

)
=

(2π)s

Γ(s)
esπi/2ζ

(
1− s,

ln z

2πi

)
,

the analytic continuation across the branch cut (1,+∞) is provided by the formula

Li(s, z)− Li
(
s, ze2πi

)
=

2πi

Γ(s)
lns−1 z,

and the analytic continuation across the branch cut (−∞, 0) is determined as for the ordinary logarithm function.
Some properties and particular values:

∂Li(s, z)

∂z
=

Li(s− 1, z)

z
, Li (s, zn) = ns−1

n∑
k=1

Li
(
s, ze2πik/n

)
,

Li(s, 1) = ζ(s), Li(0, z) =
z

1− z
, Li(1, z) = − ln(1− z).



6 Functions defined by integral

Series expansion in powers of ln z at point z = 1:

Li(s, z) = Γ(1− s)(− ln z)s−1 +

∞∑
n=0

ζ(s− n)

n!
(ln z)n,

asymptotic expansion as z → −∞:

Li(s, z) ∼
∞∑
n=0

∣∣(1− 21−2n
)
B2n

∣∣ (2π)2nΓ(2n− s)

Γ(s)Γ(1− s)(2n)!

1

ln(−z)2n−s
.

5.3. Lerch phi function

Lerch phi function generalizes Riemann zeta function and polylogarithm:

Φ(z, s, q) =

∞∑
n=0

zn

(q + n)s
,

so that ζ(s, q) = Φ(1, s, q) and Li(s, z) = zΦ(z, s, 1). Its analytic properties is the same as of polylogarithm.
Integral representation:

Φ(z, s, q) =
1

Γ(s)

∫ ∞

0

e−qtts−1

1− ze−t
dt.

Some properties:
Φ(z, s, q) = zΦ(z, s, q + 1) + q−s.

Series expansion in powers of ln z at point z = 1:

zqΦ(z, s, q) =
Γ(1− s)

(− ln z)1−s
+

∞∑
n=0

ζ(s− n, q)

n!
(ln z)n.

For efficient computations with large q the following formula can be used

Φ(z, s, q) =
Γ(1− s,−q ln z)
zq (− ln z)1−s

+

∞∑
n=0

(s)n
n!

Rn(z)

qn+s
, Rn(z) =

(
−z d

dz

)n(
1

ln z
+

1

1− z

)
,

here Rn is analytic at 1 despite the two addends are diverging progressively with n, thus requiring use of series around 1
computed recursively. Note that Rn(z) ≡ n!/(ln z)n+1 + (−1)nLi(−n, z) for n > 0.

§6. Functions defined by integral

6.1. Exponential integral and related functions

Exponential, sine and cosine integrals have different definitions. We use Maple definitions:

Ei(x) =

∫ x

−∞

et

t
dt, Si(x) =

∫ x

0

sin t

t
dt, Ci(x) = −

∫ +∞

x

cos t

t
dt.

Series expansions:

Ei(x) = γ + lnx+ x+
x2

4
+
x3

18
+ . . .+

xn

n n!
+ . . . ,

Si(x) = x− x3

18
+

x5

600
− . . .+

(−1)nx2n+1

(2n+ 1)(2n+ 1)!
+ . . . ,

Ci(x) = γ + lnx− x2

4
+
x4

96
+ . . .+

(−1)nx2n

2n(2n)!
+ . . . .

Logarithmic integral can be reduced to Ei:

Li(x) =

∫ x

0

dt

ln t
≡ Ei(lnx).
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6.2. Error function and Fresnel integrals

Error function has different definitions. We use Maple’s definition:

erf(x) =
2√
π

∫ x

0

e−t
2

dt, erfc(x) = 1− erf(x), erfi(x) =
2√
π

∫ x

0

et
2

dt ≡ −i erf(ix).

Series expansion:

erf(x) =
2√
π

(
x− x3

3
+
x5

10
− . . .+

(−1)nx2n+1

(2n+ 1)n!
+ . . .

)
,

asymptotic expansion as x→ +∞:

erf(x) ∼ 1− 1√
π
e−x

2

(
1

x
− 1

2x3
+

3

4x5
− . . .+

(−1)n(2n− 1)!!

2nx2n+1
+ . . .

)
.

Inequalities: erfc(x) ⩽ e−x
2

.
Fresnel sine and cosine integrals have also different definitions. We use Maple’s definition:(

S

C

)
(x) =

∫ x

0

(
sin

cos

)(π
2
t2
)
dt.

Asymptotic expansions as x→ +∞:

S(x) =
1

2
− 1

πx
cos
(π
2
x2
)
− 1

π2x3
sin
(π
2
x2
)
+ . . . ,

C(x) =
1

2
+

1

πx
sin
(π
2
x2
)
− 1

π2x3
cos
(π
2
x2
)
− . . .

§7. Elliptic functions

Elliptic function is a doubly periodic meromorphic function. The minimal periods are denoted by 2ω and 2ω′. The
order of an elliptic function is the number of poles in the elementary cell with their multiplicity counted. Elliptic functions
have many remarkable properties. One of them is that an elliptic function is fully determined (plus arbitrary constant) by
only its periods, poles and principal parts in these poles. Any two elliptic functions with identical periods are connected
by an algebraic (polynomial) equation. The same statement is valid for an elliptic function and its derivative.

7.1. Elliptic integrals

Elliptic integrals of the first, second, and third kinds are defined as follows (z ≡ sinϕ):

F (ϕ, k) =

∫ ϕ

0

dα√
1− k2 sin2 α

≡ F (z, k) =

∫ z

0

dx√
(1− x2)(1− k2x2)

,

E(ϕ, k) =

∫ ϕ

0

√
1− k2 sin2 α dα ≡ E(z, k) =

∫ z

0

√
(1− k2x2)

(1− x2)
dx,

Π(ϕ, ν, k) =

∫ ϕ

0

dα

(1− ν sin2 α)
√
1− k2 sin2 α

≡ Π(z, ν, k) =

∫ z

0

dx

(1− νx2)
√
(1− x2)(1− k2x2)

.

Here k is the modulus and k′ =
√
1− k2 is the complementary modulus. Elliptic integrals of the complementary modulus

are called complementary elliptic integrals and denoted by prime, e.g. K′(k) ≡ K(k′). Limiting cases:

F (ϕ, 0) = E(ϕ, 0) = ϕ, F (ϕ, 1) = ln tan

(
π

4
+
ϕ

2

)
, E(ϕ, 1) = sinϕ.

Complete elliptic integrals are K(k) = F (π/2, k), E(k) = E(π/2, k) and Π(ν, k) = Π(π/2, ν, k). It should be noted
that the third integral can be reduced sometimes to the first two. The first and second integrals can be expressed via
hypergeometric function as follows:

K(k) =
π

2
F

(
1

2
,
1

2
; 1; k2

)
, E(k) =

π

2
F

(
−1

2
,
1

2
; 1; k2

)
.
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This representation suggests that the complete elliptic integrals should be considered as functions of the argument m ≡ k2

instead of k. Both K(m) and E(m) are analytical functions except two branching logarithmic points m = 1 and m = ∞.
The branch cut is usually the real range (1,+∞).

Series:

K(k) =
π

2

(
1 +

1

4
k2 +

9

64
k4 + . . .+

(
(2n− 1)!!

(2n)!!

)2

k2n + . . .

)
,

E(k) =
π

2

(
1− 1

4
k2 − 3

64
k4 − . . .−

(
(2n− 1)!!

(2n)!!

)2
k2n

2n− 1
− . . .

)
,

Π(ν, k) =
π

2

(
1√
1− ν

+
1

2
√
1− ν

(
1 +

√
1− ν

)k2 + . . .+

(
(2n− 1)!!

(2n)!!

)2

F

(
1, n+

1

2
;n+ 1; ν

)
k2n + . . .

)
.

Series expansion at k = 1:

K(k) =
2

π
K(k′) ln

4

k′
− 1

4
k′2 − 21

128
k′4 − . . .− cn

(
(2n− 1)!!

(2n)!!

)2

k′2n − . . . ,

E(k) = 1 +
2

π
[K(k′)− E(k′)] ln

4

k′
− 1

4
k′2 − 13

64
k′4 − . . .− cn

(
2n

2n− 1

)(
(2n− 1)!!

(2n)!!

)2

k′2n − . . . ,

cn =

n∑
m=1

1

m(2m− 1)
=

ln 2

2
+
ψ(n+ 1/2)

4
− ψ(n+ 1)

4
.

Differentiation formulas:

∂F (ϕ, k)

∂k
=

1

k′2

(
E(ϕ, k)− k′2F (ϕ, k)

k
− k sinϕ cosϕ√

1− k2 sin2 ϕ

)
,

∂E(ϕ, k)

∂k
=
E(ϕ, k)− F (ϕ, k)

k
,

dK

dk
=

1

k

(
E

k′2
−K

)
,

dE

dk
=

E−K

k
.

Transformation formulas provide analytic continuation and simplify calculation of the complete elliptic integrals:

K

(
1

k
± i0

)
= k [K(k)± iK(k′)] , K

(
i
k

k′

)
= k′K(k),

E

(
1

k
± i0

)
=

1

k

{[
E(k)− k′2K(k)

]
∓ i
[
E(k′)− k2K(k′)

]}
, E

(
i
k

k′

)
=

1

k′
E(k),

the following transformations are mutually inverse:

κ =
1− k′

1 + k′
, k =

2
√
κ

1 + κ
,

K

(
1− k′

1 + k′

)
=

1 + k′

2
K(k), E

(
1− k′

1 + k′

)
=

E(k) + k′K(k)

1 + k′
,

K

(
2
√
κ

1 + κ

)
= (1 + κ)K(κ), E

(
2
√
κ

1 + κ

)
=

2E(κ)− κ′2K(κ)

1 + κ
.

The third elliptic integral Π(ν, k) can be transformed to the interval ν = [−k, k] using the identity

Π(ka, k) + Π(k/a, k)−K(k) =
π

2

1√
(1− ka)(1− k/a)

I {(1− ka)(1− k/a) > 0} .

Miscellaneous relations:
KE′ +K′E−KK′ = π/2.

7.2. Jacobi elliptic functions

Jacobi amplitude is the inverse of the first kind elliptic integral: F (am z, k) = z. Note that modulus is usually
omitted in Jacobi elliptic functions. Elliptic sine and cosine are sn z = sin am z and cn z = cos am z. Delta of
amplitude is dn z = d am z

dz and Jacobi zeta function is zn z = E(am z, k)− zE/K.
Limiting cases:

k = 0 : am z = z, sn z = sin z, cn z = cos z, dn z = 1, zn z = 0 (as (k2/4) sin 2z),

k = 1 : am z = gd z, sn z = zn z = tanh z, cn z = dn z = 1/ cosh z.
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Elliptic sine, cosine and delta of amplitude are the second order elliptic functions with two simple poles in unit cell.

2ω 2ω′ zeros poles residues
sn 4K 2iK′ 2mK+ 2niK′ 2mK+ (2n+ 1)iK′ (−1)m/k
cn 4K 2K + 2iK′ (2m+ 1)K + 2niK′ the same (−1)m+n/(ik)
dn 2K 4iK′ (2m+ 1)K + (2n+ 1)iK′ the same (−1)n/i

Their transformation properties:

iz kz z +K z + iK′ z +K+ iK′ z + 2K z + 2iK′

sn i sn(z,k′)
cn(z,k′)

1
k sn

(
z, 1k

)
cn z
dn z

1
k sn z

dn z
k cn z − sn z sn z

cn 1
cn(z,k′) dn

(
z, 1k

)
−k′ sn z

dn z − i dn z
k sn z − ik′

k cn z − cn z − cn z

dn dn(z,k′)
cn(z,k′) cn

(
z, 1k

)
k′

dn z − i cn z
sn z

ik′ sn z
cn z dn z − dn z

Particular values:
0 K/2 iK′/2 (K + iK′)/2

sn 0 1√
1+k′

i√
k

√
1+k+i

√
1−k√

2k

cn 1
√

k′

1+k′

√
1+k
k

(1−i)
√
k′√

2k

dn 1
√
k′

√
1 + k

√
k′(

√
1+k′−i

√
1−k′)√

2

Amplitude has period 4iK′ and branching logarithmic points at 2mK+ (2n+ 1)iK′, also am(z + 2K) = π + am z and
am(z + 2iK′) = π − am z. Zeta function is meromorphic with period 2K.

Some identities:

sn2 z + cn2 z = 1, dn2 z = 1− k2 sn2 z = k′2 + k2 cn2 z,

sn(z1 ± z2) =
s1c2d2 ± s2c1d1

1− k2s21s
2
2

, cn(z1 ± z2) =
c1c2 ∓ s1s2d1d2

1− k2s21s
2
2

, dn(z1 ± z2) =
d1d2 ∓ k2s1s2c1c2

1− k2s21s
2
2

,

sn2
z

2
=

1− cn z

1 + dn z
, cn2

z

2
=

cn z + dn z

1 + dn z
, dn2

z

2
=

cn z + dn z

1 + cn z
.

Differentiation:

(am z)′ = dn z, (sn z)′ = cn z dn z, (cn z)′ = − sn z dn z, (dn z)′ = −k2 sn z cn z, (zn z)′ = dn2 z − E/K.

Differential equations: sn z satisfies the equations s′′ = (1 − s2)(1 − k2s2) and s′′ + (1 + k2)s = 2k2s3, am z satisfies
the equation ϕ′′ + (k2/2) sin 2ϕ = 0.

7.3. Weierstrass elliptic functions

Weierstrass function ℘(z) is defined as the second order elliptic function with one pole in unit cell at point z = 0
with the principal part z−2 and ℘(z)− z−2 equal zero at this point. Expansion in full partial fractions yields

℘(z) =
1

z2
+
∑
m,n

[
1

(z − 2ωmn)2
− 1

(2ωmn)2

]
,

where ωmn = mω+nω′, 2ω and 2ω′ are periods, and all double sums are over Z2 excluding m = n = 0 in this subsection.
℘ is even function. The first derivative of the Weierstrass function is also of great importance due to the following
theorem: Any elliptic function can be presented in the form R1 [℘(z)] +℘′(z)R2 [℘(z)], where R1,2 are rational functions.
Weierstrass zeta function ζ(z) is defined as an odd function satisfying equation ζ ′ = −℘. Weierstrass sigma function
σ(z) is defined as an entire function satisfying equation σ′/σ = ζ. Both ζ and σ are not elliptic functions. σ is odd
function. ζ has simple poles and σ has simple zeros at points 2ωmn.

Some notations and definitions:

ω1 = ω, ω2 = −ω − ω′, ω3 = ω′, η = ζ(ω), η′ = ζ(ω′), ηi = ζ(ωi), σi(z) =
σ(z + ωi)

σ(ωi)
e−zηi .

Alternative definition of the Weierstrass function follows from the normal elliptic Weierstrass integral of the first kind:

z =

∫ +∞

℘(z)

dw√
4w3 − g2w − g3

=

∫ +∞

℘(z)

dw√
4(w − e1)(w − e2)(w − e3)

,
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or the corresponding differential equation w′2 = 4w3 − g2w − g3. Periods, invariants g2,3 and roots e1,2,3 are connected
by the relations:

e1 + e2 + e3 = 0, e1e2 + e2e3 + e3e1 = −g2/4, e1e2e3 = g3/4, ei = ℘(ωi),

g2 = 60
∑
m,n

1

(2ωmn)4
, g3 = 140

∑
m,n

1

(2ωmn)6
.

The combination ∆ = g32 − 27g23 ≡ [4(e1 − e2)(e2 − e3)(e3 − e1)]
2
is the discriminant. If ∆ > 0 then e1,2,3 are real, ω is

real, and ω′ is imaginary. In this case

ω =

∫ +∞

e1

dw√
4w3 − g2w − g3

, ω′ = i

∫ e3

−∞

dw√
−4w3 + g2w + g3

.

If ∆ < 0 then e2 is real, e1,3 = α ± iβ, and ω, ω′ are complex conjugated so that ω1 = ω + ω′ and ω2 = ω − ω′ are
determined from

ω1 =

∫ +∞

e2

dw√
4w3 − g2w − g3

, ω2 = i

∫ e2

−∞

dw√
−4w3 + g2w + g3

.

If ∆ = 0 then:

1) e1 = e2 = a, e3 = −2a, ω = ∞, ω′ =
iπ√
12a

, ℘(z) = a+ 3a sinh−2
(
z
√
3a
)
,

2) e1 = 2a, e2 = e3 = −a, ω =
π√
12a

, ω′ = i∞, ℘(z) = −a+ 3a sin−2
(
z
√
3a
)
,

3) e1 = e2 = e3 = 0, ω = ∞, ω′ = i∞, ℘(z) = z−2, ζ(z) = z−1, σ(z) = z.

Transformations:

℘(z1 + z2) = −℘(z1)− ℘(z2) +
1

4

(
℘′(z1)− ℘′(z2)

℘(z1)− ℘(z2)

)2

,

ζ(z1 + z2) = ζ(z1) + ζ(z2) +
1

2

℘′(z1)− ℘′(z2)

℘(z1)− ℘(z2)
,

σ(z1 + z2)σ(z1 − z2) = −σ2(z1)σ
2(z2) (℘(z1)− ℘(z2)) ,

ζ(z + 2ωi) = ζ(z) + 2ηi,

σ(z + 2ωi) = −σ(z)e2ηi(z+ωi), σi(z + 2ωj) = (−1)δijσi(z)e
2ηj(z+ωj).

Series:

℘(z) =
1

z2
+
g2
20
z2 +

g3
28
z4 +

g22
1200

z6 + . . . ,

σ(z) = z − g2
240

z5 − g3
840

z7 − . . .

Relations to Jacobi elliptic functions:

k2 =
e23
e13

, K = ω
√
e13, K′ = −iω′√e13, E =

e1ω + η
√
e13

, E′ = i
e3ω

′ + η′
√
e13

,

u = z
√
e13, snu =

√
e13

℘(z)− e3
, cnu =

√
℘(z)− e1
℘(z)− e3

, dnu =

√
℘(z)− e2
℘(z)− e3

,

where eij = ei − ej and all the square roots are uniquely determined by

√
℘(z)− ei =

σi(z)

σ(z)
,

√
eij =

σj(ωi)

σ(ωi)
.

Miscellaneous identities and equations:

σ(z) = z exp

∫ z

0

(
ζ(t)− 1

t

)
dt, ℘′′ = 6℘2 − g2/2.
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7.4. Jacobi theta functions

Generally a theta function is any quasi doubly periodic entire function that is

θ(z + 1) = θ(z), θ(z + τ) = e−2πikzθ(z), ℑτ > 0.

Jacobi theta functions are defined as follows:

θ1(z, τ) =
∑
n∈Z

exp
[
iπ(n+ 1/2) + iπ(n+ 1/2)2τ + iπ(2n+ 1)z

]
=2

∞∑
n=0

(−1)nq(n+1/2)2 sin(2n+ 1)πz,

θ2(z, τ) =
∑
n∈Z

exp
[
iπ(n+ 1/2)2τ + iπ(2n+ 1)z

]
=2

∞∑
n=0

q(n+1/2)2 cos(2n+ 1)πz,

θ3(z, τ) =
∑
n∈Z

exp
[
iπn2τ + iπ2nz

]
=1 + 2

∞∑
n=1

qn
2

cos 2nπz,

θ4(z, τ) =
∑
n∈Z

exp
[
iπn+ iπn2τ + iπ2nz

]
=1 + 2

∞∑
n=1

(−1)nqn
2

cos 2nπz,

where q ≡ eiπτ is the nome, |q| < 1. Values at zero are denoted as θi without arguments that is θi = θi(0, τ).

Properties and transformations:

period parity zeros z + 1/2 z + τ/2 z + 1/2 + τ/2 z + 1 z + τ z + 1 + τ
θ1 1 odd m+ nτ θ2 iBθ4 Bθ3 −θ1 −Aθ1 Aθ1
θ2 1 even

(
m+ 1

2

)
+ nτ −θ1 Bθ3 −iBθ4 −θ2 Aθ2 −Aθ2

θ3 2 even
(
m+ 1

2

)
+
(
n+ 1

2

)
τ θ4 Bθ2 iBθ1 θ3 Aθ3 Aθ3

θ4 2 even m+
(
n+ 1

2

)
τ θ3 iBθ1 Bθ2 θ4 −Aθ4 −Aθ4

where θi means θi(z, τ), A = e−iπ(2z+τ) and B = e−iπ(z+τ/4).

Relations to Jacobi elliptic functions are based on the elliptic modulus function k2(q) = (θ2/θ3)
4 and its inverse nome

function q(k2) = exp(−πK′/K). They can be approximated as follows:

k2 ≈ 16q
1 + 4q2

1 + 8q + 24q2
, q = ε+ 2ε5 + 15ε9 + 150ε13 + . . . , ε =

1

2

1−
√
k′

1 +
√
k′
.

Elliptic integrals and Jacobi elliptic functions:

K =
1

2
πθ23, K′ = −iτK, E = − 1

2π

θ′′2
θ2

1

θ23
, E′ =

1

θ23

(
1− iτ

2π

θ′′4
θ4

)
,

sn(2Kz) =
θ3
θ2

θ1(z)

θ4(z)
, cn(2Kz) =

θ4
θ2

θ2(z)

θ4(z)
, dn(2Kz) =

θ4
θ3

θ3(z)

θ4(z)
.

Relations to Weierstrass elliptic functions (τ = ω′/ω):

√
e13 =

πθ23
2ω

, e1 =
π2
(
θ43 + θ44

)
12ω2

, e2 =
π2
(
θ42 − θ44

)
12ω2

, e3 = −
π2
(
θ42 + θ43

)
12ω2

, η = − π2θ′′′1
12ωθ′1

,

℘(2ωz) = ei +

(
πθ′1

2ωθi+1

)2(
θi+1(z)

θ1(z)

)2

, i = 1, 2, 3, ℘′(2ωz) = −
(
πθ′1
2ω

)3
θ1(2z)

θ41(z)
,

ζ(2ωz) = 2ηz +
1

2ω

θ′1(z)

θ1(z)
, σ(2ωz) =

2ω

πθ′1
θ1(z)e

2ηωz2 .

Miscellaneous identities and equations:

θ1 = 0, θ′1 = πθ2θ3θ4, θ
4
3 = θ42 + θ44, θ1(z)θ2(z)θ3(z)θ4(z) =

1

2
θ1(2z)θ2θ3θ4, 4iπ

∂θ

∂τ
=
∂2θ

∂z2
.
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§8. Gamma function

8.1. Gamma function

Gamma function generalizes factorial and can be defined by the integrals

Γ(z) =

∫ ∞

0

e−ttz−1 dt,

Γ(z) = − 1

2i sinπz

∮
C

e−t(−t)z−1 dt, C = {+∞+ i · 0, 0, +∞− i · 0}.

The function 1/Γ(z) is entire and the gamma function has only simple poles in points −n with residue (−1)n/n!.
The characteristic equation for the gamma function is

Γ(z + 1) = zΓ(z)

providing additionally the logarithmic convexity ΓΓ′′ > Γ′2. Other properties include

Γ(z)Γ(1− z) =
π

sinπz
, Γ(z) = Γ(z),

Γ(nz) = (2π)
1−n
2 nnz−

1
2

n−1∏
k=0

Γ

(
z +

k

n

)
, Γ(2z) =

22z−1

√
π

Γ(z)Γ

(
z +

1

2

)
.

Particular values

Γ(1) = Γ(2) = 1, Γ(1/2) =
√
π, Γ(−1/2) = −2

√
π,

Γ(n+ 1) = n!, Γ

(
n+

1

2

)
=

√
π(2n− 1)!!

2n
≡

√
π(2n)!

4nn!
.

Usually gamma functions enter formulas in combinations. The first is Pochhammer symbol:

(x)ν =
Γ(x+ ν)

Γ(x)
,

in particular,
(x)n = x(x+ 1) . . . (x+ n− 1),

so that (x)0 = 1 and (x)n = 0 for x ∈ {0,−1, . . . , 1− n}. Another combination is binomial:(
ν

µ

)
=

Γ(ν + 1)

Γ(µ+ 1)Γ(ν − µ+ 1)
≡ ν!

µ!(ν − µ)!
,

Series:

ln Γ(1 + z) = −γz +
∞∑
n=2

(−1)nζ(n)

n
zn.

Infinite product:

1

Γ(z)
= zeγz

∞∏
n=1

(
1 +

z

n

)
e−z/n.

Asymptotic expansions:

Γ(z) =

√
2π

z

(z
e

)z
R(z), lnR(z) =

∞∑
n=1

B2n

2n(2n− 1)

1

z2n−1
=

1

12z

(
1− 1

30z2
+ . . .

)
,

(x)ν = xν
(
1 +

ν(ν − 1)

2x
+ . . .

)
,

n! ≈
√
2πn

(n
e

)n
e

1
12n+3/4 , relative error ≲ 0.6% for n > 0.06,(

n

m

)
=
nm

m!
exp

[
−m(m− 1)

2n
+O

(
n−2

)]
, n≫ m,(

n

m

)
⩾

1√
2πn

exp

[
−n (µ lnµ+ (1− µ) ln(1− µ))− 1

2
lnµ(1− µ)− 1− µ+ µ2

12nµ(1− µ)
+O

(
n−2

)]
, m = µn, n≫ 1

(upper limit can be obtained by removing O(n−1) term, both approximations are accurate for m ⩾ 1),

if
m

n
=

1± α

2
then

(
n

m

)
≈ 2n+1

√
2πn

exp

[
n

2
α ln

1− α

1 + α
− n+ 1

2
ln
(
1− α2

)
− 3 + α2

12n(1− α2)

]
.
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8.2. Incomplete gamma function

Incomplete gamma function

γ(z, x) =

∫ x

0

e−ttz−1 dt, Γ(z, x) =

∫ ∞

x

e−ttz−1 dt ≡ Γ(z)− γ(z, x).

It can be expressed via degenerate hypergeometric function as follows:

γ(z, x) = z−1xze−xΦ(1, 1 + z;x), Γ(z, x) = e−xΨ(1− z, 1− z;x).

Note that γ∗ = γ(z, x)x−z/Γ(z) is entire function of both arguments z and x.

Series expansion in x:

γ(z, x) =

∞∑
n=0

(−1)nxz+n

n!(z + n)
.

Integer z:

Γ(n+ 1, x) = n! e−x
n∑
k=0

xk

k!
, Γ(−n, x) = (−1)n+1

n!

(
Ei(−x) + e−x

n−1∑
k=0

(−1)kk!

xk+1

)
.

Asymptotic expansion as x→ +∞:

Γ(1− s, x) = e−x
∞∑
n=0

(−1)n(s)n
xn+s

.

Miscellaneous identities:

γ(z + 1, x) = zγ(z, x)− xze−x,

Γ(z, x) = xz−1e−x
∫ ∞

0

e−t
(
1 +

t

x

)z−1

dt ≡ xze−x

Γ(1− z)

∫ ∞

0

e−tt−z

x+ t
dt,

xγ∗xx + (z + 1 + x)γ∗x + zγ∗ = 0.

8.3. Polygamma functions

Digamma function is the logarithmic derivative of the gamma function ψ = (lnΓ)′. Polygamma functions are its
derivatives ψ(n) so that ψ(0) ≡ ψ. Some basic properties and particular values:

ψ(z) = ψ(z), ψ(z + 1) = ψ(z) +
1

z
, ψ(1− z) = ψ(z) + π cotπz, ψ(nz) =

1

n

n−1∑
k=0

ψ

(
z +

k

n

)
+ lnn,

ψ(1) = −γ, ψ(1/2) = −γ − 2 ln 2, ψ(1/3) = −γ − π

2
√
3
− 3 ln 3

2
, ψ(1/4) = −γ − π

2
− 3 ln 2.

Series expansion:

ψ(1 + z) = −γ +

∞∑
n=2

(−1)nζ(n)zn−1.

Asymptotic expansion as z → +∞:

ψ(z) = ln z − 1

2z
−

∞∑
n=1

B2n

2n

1

z2n
≈ ln z − 1

2z
− 1

12z2
+

1

120z4
.

Miscellaneous relations:

ψ(z) = −γ −
∞∑
k=0

(
1

z + k
− 1

z + 1

)
=

∫ ∞

0

(
e−t

t
− e−zt

1− e−t

)
dt,

ψ(n)(z) = (−1)n+1n!

∞∑
k=0

1

(z + k)n+1
= (−1)n+1

∫ ∞

0

e−zttn

1− e−t
dt = (−1)n+1n! ζ(n+ 1, z),

n∑
k=1

ψ(z + k) = (z + n)ψ(z + n)− zψ(z)− n.
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§9. Bessel functions

Bessel functions of the ν-th order of the first and second kind Jν(x) and Yν(x) (also known as Neumann function)
can be defined as real solutions of the differential equation x2y′′ + xy′ + (x2 − ν2)y = 0. Complex conjugated (for real

arguments) solutions H±
ν (x) = Jν(x)±iYν(x) are the Hankel functions (H

(1)
ν ≡ H+

ν and H
(2)
ν ≡ H−

ν ). Modified Bessel
functions (Bessel functions of an imaginary argument) of the ν-th order of the first and second kind Iν(x) and Kν(x) can
be defined as real solutions of the differential equation x2y′′ + xy′ − (x2 + ν2)y = 0.

In what follows Zν and Cν denote one of cylindrical functions J , Y or H. Subscript n implies the integer index.

Series at x = 0 (R = ∞)

Jν(x) =

∞∑
k=0

(−1)k

Γ(k + ν + 1)k!

(x
2

)2k+ν
, Yν(x) =

Jν(x) cosπν − J−ν(x)

sinπν
,

Iν(x) =

∞∑
k=0

1

Γ(k + ν + 1)k!

(x
2

)2k+ν
, Kν(x) =

π

2

I−ν(x)− Iν(x)

sinπν
,

and in the limit ν → n the second kind functions tend to

Yn(x) = − 1

π

n−1∑
k=0

(n− k − 1)!

k!

(x
2

)2k−n
− 2

π
ln

2

x
Jn(x)−

1

π

∞∑
k=0

(−1)k
ψ(k + 1) + ψ(k + n+ 1)

(k + n)!k!

(x
2

)2k+n
,

Kn(x) =
1

2

n−1∑
k=0

(−1)k
(n− k − 1)!

k!

(x
2

)2k−n
+ (−1)n ln

2

x
In(x) +

(−1)n

2

∞∑
k=0

ψ(k + 1) + ψ(k + n+ 1)

(k + n)!k!

(x
2

)2k+n
.

Relations between Bessel and modified Bessel functions:

Iν(z) = i−νJν(iz), Kν(z) =
π

2
iν+1H(1)

ν (iz), −π < arg z ⩽
π

2
, i ≡ eiπ/2;

iπJν(z) = (−i)νKν(−iz)− iνKν(iz), −πYν(z) = (−i)νKν(−iz) + iνKν(iz), | arg z| ⩽ π

2
.

Index inversion formulas:

H±
−ν = e±iπνH±

ν , K−ν = Kν ;

Z−n = (−1)nZn, I−n = In, J1/2−n = (−1)nYn−1/2, Y1/2−n = (−1)n+1Jn−1/2, n ∈ Z.

Differentiation formulas:

(
x−νZν

)′
= −x−νZν+1, (xνZν)

′
= xνZν−1,(

x−νIν
)′

= x−νIν+1, (xνIν)
′
= xνIν−1,(

x−νKν

)′
= −x−νKν+1, (xνKν)

′
= −xνKν−1

and recurrence relations:

Zν−1 + Zν+1 =
2ν

x
Zν , Zν−1 − Zν+1 = 2Z ′

ν ,

Iν−1 − Iν+1 =
2ν

x
Iν , Iν−1 + Iν+1 = 2I ′ν ,

Kν−1 −Kν+1 = −2ν

x
Kν , Kν−1 +Kν+1 = −2K ′

ν .

Wronskians:

W [Jν , J−ν ](x) =
2 sinπν

πx
, W [Jν , Yν ](x) =

2

πx
, W [H+

ν , H
−
ν ](x) = − 4i

πx
, W [Iν ,Kν ](x) = − 1

x
.
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Asymptotic expansion as x, z → +∞:

Jν(x) ∼
√

2

πx

[
Aν(x) cos

(
x− πν

2
− π

4

)
−Bν(x) sin

(
x− πν

2
− π

4

)]
,

Yν(x) ∼
√

2

πx

[
Aν(x) sin

(
x− πν

2
− π

4

)
+Bν(x) cos

(
x− πν

2
− π

4

)]
,

Aν(x) = 1−O
(
x−2

)
, Bν(x) =

4ν2 − 1

8x
+O

(
x−3

)
,

H±
ν (z) ∼

√
2

πz
exp

[
±i
(
z − πν

2
− π

4

)]
,

Iν(z) ∼
1√
2πz

ezA−
ν (z)± ie±iπν 1√

2πz
e−zA+

ν (z), −π
2
< ± arg z <

3π

2
,

Kν(z) ∼
√

π

2z
e−zA+

ν (z), | arg z| < 3π

2
,

A±
ν (z) =

(
1± 4ν2 − 1

8z

(
1± 4ν2 − 9

16z

(
1± . . .± 4ν2 − (2k − 1)2

8kz
(1± . . .)

)))
.

Uniform approximations (uniform on ξ for | arg ξ| < π/2):

Iν(νξ) ∼
√

1

2πν
√

1 + ξ2
eνη

(
1 +

∞∑
n=1

1

νn
un

(
1√

1 + ξ2

))
,

Kν(νξ) ∼
√

π

2ν
√
1 + ξ2

e−νη

(
1 +

∞∑
n=1

(−1)n

νn
un

(
1√

1 + ξ2

))
,

where

η =
√
1 + ξ2 + ln

ξ

1 +
√
1 + ξ2

,

η ∼
z→0

ln
z

2
+ 1 +

(z
2

)2
− 1

2

(z
2

)4
+ . . . , η ∼

z→∞
z − 1

2z
+

1

24z3
− . . . ,

u1(t) =
t(3− 5t2)

24
, u2(t) =

t2(81− 462t2 + 385t4)

1152
.

Crossing integrals:∫ [(
a2 − b2

)
x− ν2 − µ2

x

]
Zν(ax)Cµ(bx) dx = bxZν(ax)Cµ−1(bx)− axZν−1(ax)Cµ(bx) + (ν − µ)Zν(ax)Cµ(bx),∫

Z2
ν (ax)x dx =

1

2

(
x2 − ν2

a2

)
Z2
ν (ax) +

1

2
x2Z ′2

ν (ax).

Integral representations:

Jν(x) =
1

π

∫ π

0

cos(νt− x sin t) dt,

Kν(x) =
1

2

∫ +∞

−∞
exp(−x cosh t− νt) dt,

Jν(z) =
1

2πi

(z
2

)ν ∮
C

t−ν−1 exp

(
t− z2

4t

)
dt, | arg z| < π, C = {−∞+ i · 0, 0, −∞− i · 0},

H±
ν (z) = − 1

π

∫
C±

exp (−iz sin t+ iνt) dt, C± = {−i · ∞, 0, ∓π, ∓π + i · ∞},

Kν(x) =
1

2

∫ ∞

0

exp

(
− t

2x
− x

2t

)
dt

tν+1
.

Generating function:

eiz sin t =
∑
n∈Z

Jn(z)e
int.
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Addition theorems:

einψJn(cz) =
∑
k∈Z

Jn−k(az)Jk(bz)e
ikϕ, c2 = a2 + b2 + 2ab cosϕ, e2iψ =

a+ be+iϕ

a+ be−iϕ
,

z−νZν(kz) = Γ(ν)

(
2

k

)ν ∞∑
l=0

(ν + l) z−ν1 Jν+l(kz1) z
−ν
2 Zν+l(kz2) C

ν
l (cos θ), z2 = z21 + z22 − 2z1z2 cos θ, |z1| < |z2|,

∑
n1+...+nd=n

ni∈Zd

d∏
i=1

eαiniIni
(xi) = eαnIn(x), x coshα =

d∑
i=1

xi coshαi, x sinhα =

d∑
i=1

xi sinhαi.

Zeros of the Bessel function Jν are denoted by jν,m, where m ⩾ 1 is zero’s number. They are real for real ν. At large
ν or m zeros jν,m can be approximated by νu(πm/ν), where u(t) satisfies the equation t =

√
u2 − 1 − arccos(1/u) and

can be approximated by

u(t) = 1 +
1

2
(3t)2/3 +O

(
t4/3

)
, t→ 0, u(t) = (t+ π/2)− 1

2(t+ π/2)
+O

(
(t+ π/2)−3

)
, t→ ∞.

For a half-integer index cylindrical functions reduce to elementary:

Jn+1/2(x) =

√
2

π
xn+1/2

(
− d

x dx

)n
sinx

x
, J−n−1/2 = (−1)n+1Yn+1/2,

Yn+1/2(x) = −
√

2

π
xn+1/2

(
− d

xdx

)n
cosx

x
, Y−n−1/2 = (−1)nJn+1/2,

Kn+1/2(x) =

√
π

2x
e−x

n∑
k=0

(n+ k)!

k!(n− k)!

1

(2z)k
.

§10. Legendre functions

10.1. Legendre functions

Legendre functions Pµν (z) (P
0
ν ≡ Pν) and Q

µ
ν (z) can be defined as solutions of the differential equation

(1− z2)w′′ − 2zw′ +

(
ν(ν + 1)− µ2

1− z2

)
w = 0. (10.1)

Its reduced form is

− d2y

dξ2
+
µ2 − 1

4

sin2 ξ
y =

(
ν +

1

2

)2

y, where z = cos ξ, w(z) =
y(ξ)√
sin ξ

.

The wronskian is

W [Pµν , Q
µ
ν ](z) =

4µeiµπ

(1− z2)

Γ
(
ν+µ+1

2

)
Γ
(
ν+µ+2

2

)
Γ
(
ν−µ+1

2

)
Γ
(
ν−µ+2

2

) .
We choose the default branch cut to be (−∞,−1) and (1,+∞). This is the optimal choice for an argument lying in

(−1, 1) interval. The imaginary parts of Pµν and Qµν change their signs on the cut. However sometimes we assume the
branch cut to be (−∞, 1). This choice is declared either explicitly or implicitly in formulas containing subexpressions
which are real for an argument z > 1 and complex for z < 1. In this case the imaginary part of Pµν changes its sign on
the cut and Qµν discontinues in more complicated way. Maple’s default choise is (−∞, 1), therefore don’t forget to set
properly the corresponding environment variable.

Representation via hypergeometric function:

Pµν (z) =
1

Γ(1− µ)

(
1 + z

1− z

)µ
2

F

(
−ν, ν + 1; 1− µ;

1− z

2

)
,

Qµν (z) =

√
πeiµπ

2ν+1

Γ(ν + µ+ 1)

Γ(ν + 3/2)

(
1− z2

)µ
2

zν+µ+1
F

(
ν + µ+ 1

2
,
ν + µ+ 2

2
; ν +

3

2
;
1

z2

)
.
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Legendre functions with negative indices

Pµ−ν−1 = Pµν , P−µ
ν =

Γ(ν − µ+ 1)

Γ(ν + µ+ 1)

(
Pµν cosπµ− 2

π
Qµν sinπµ

)
, (10.2)

Qµ−ν−1 =
Qµν sinπ(ν + µ)− πPµν cosπν cosπµ

sinπ(ν − µ)
, Q−µ

ν =
Γ(ν − µ+ 1)

Γ(ν + µ+ 1)

(
Qµν cosπµ+

π

2
Pµν sinπµ

)
,

and negative arguments

Pµν (−z) = Pµν (z) cosπ(ν + µ)− 2

π
Qµν (z) sinπ(ν + µ),

Qµν (−z) = −Qµν (z) cosπ(ν + µ)− π

2
Pµν (z) sinπ(ν + µ),

are another solutions of the Legendre differential equation. Recurrence relations:

(z2 − 1)
d

dz
Pµν = (ν − µ+ 1)Pµν+1 − (ν + 1)zPµν = µzPµν +

√
1− z2Pµ+1

ν ,

(2ν + 1)zPµν = (ν − µ+ 1)Pµν+1 + (ν + µ)Pµν−1,

and the same formulas for Qµν . Special index relations (here the branch cut is (−∞, 1)):

P
−ν−1/2
−µ−1/2

(
z√

z2 − 1

)
=

√
2

π

e−iµπ

Γ(ν + µ+ 1)

(
z2 − 1

)1/4
Qµν (z).

Products of Legendre functions can be integrated by using the formula∫ [
(ν − ν′)(ν + ν′ + 1) +

µ2 − µ′2

1− x2

]
wµνw

µ′

ν′ = (1− x2)

(
wµν

dwµ
′

ν′

dx
− dwµν

dx
wµ

′

ν′

)
.

For any given µ ≥ 0 the Sturm–Liouville problem (see also (12.1))

(1− x2)y′′ − 2xy′ +
(
ν(ν + 1)− µ2

1−x2

)
y = 0,

y(x) = O(1), x→ ±1
(10.3)

has the eigenvalues ν = n + µ, n ∈ Z+, corresponding to the eigenfunctions P−µ
n+µ(x) ∼ (1 − x2)µ/2P̃ 0,µ

n (x) with the
normalization ∫ 1

−1

P−µ
n+µ(x)P

−µ
k+µ(x) dx = δnk

n!

(µ+ n+ 1/2)Γ(2µ+ n+ 1)
.

An alternative spectral problem can be formulated when ν > 0 is fixed in (10.3). In this case the discrete spectrum
consists of the eigenvalues µ = ν − n, n = 0, [ν] corresponding to the eigenfunctions Pn−νν (x) with the normalization∫ 1

−1

Pn−νν (x)P k−νν (x)
dx

1− x2
= δnk

n!

(ν − n)Γ(2ν − n+ 1)
.

The domain µ2 ≤ 0 constitute the continuous spectrum.
Integral representations:

P−µ
ν (coshα) =

sinhµ α

2µ
√
πΓ(µ+ 1/2)

∫ 1

−1

(
1− ξ2

)µ−1/2
dξ

(coshα+ ξ sinhα)
µ−ν ≡ sinhµ α

2µ
√
πΓ(µ+ 1/2)

∫ ∞

−∞

dx

coshµ+ν+1 x coshµ−ν(x+ α)
.

10.2. Legendre polynomials and their dual functions

In case of integer µ = m the eigenfunctions of (10.3) can be written as Pmn (see 10.2) and are called Legendre
quasipolynomials; functions P 0

n ≡ Pn are called Legendre polynomials. Note that in physical applications the
functions P̃mn = (−1)mPmn are called Legendre quasipolynomials. The second solution of (10.3) with µ = 0 is given by

Qn(x) =
1

2
Pn(x) ln

1 + x

1− x
−

n∑
k=1

1

k
Pk−1(x)Pn−k(x)

(for alternative branch cut just change the sign under the logarithm).
Legendre polynomials Pn can be defined also as orthogonal polynomials of an order n on [−1, 1].
Some identities1:

(n+ 1)Pn+1 = (2n+ 1)xPn − nPn−1, nPn = nxPn−1 + (x2 − 1)P ′
n−1, (x2 − 1)P ′

n = nxPn − nPn−1,∫ x

−1

Pn(y) dy =
Pn+1(x)− Pn−1(x)

(2n+ 1)
≡ (x2 − 1)P ′

n

n(n+ 1)
, −

∫ ∞

x

Qn(y) dy =
Qn+1(x)−Qn−1(x)

(2n+ 1)
.

1All identities for Pn in this subsection are valid for Qn unless otherwise stipulated.
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10.3. Hyperspherical harmonics and quasipolynomials

Hyperspherical quasipolynomials P̃m,an are the eigenfunctions of the following Sturm–Liouville problem (a > −1/2
and integer m are parameters):

(1− x2)y′′ − 2(a+ 1)xy′ +

(
n(n+ 2a+ 1)− m(m+ 2a)

1− x2

)
y = 0

or
1

sin2a+1 θ

d

dθ

(
sin2a+1 θ

dy

dθ

)
+

(
n(n+ 2a+ 1)− m(m+ 2a)

sin2 θ

)
y = 0

with the boundary condition (10.3), which correspond to the eigenvalues n = m, . . . ,∞. Note that P̃m,an (cos θ) is a
polynomial in cos θ and sin θ.

This is not a new mathematical function, since the above differential equations are equivalent to (10.3), so that

P̃m,an (x) =
2aΓ(a+ 1)(2a+ 1)n+m

(n−m)!

(
1− x2

)−a/2
P−m−a
n+a (x).

Hyperspherical quasipolynomials are normalized in such a way that P̃m,0n ≡ P̃mn are Legendre quasipolynomials

and P̃ 0,a
n ≡ C

a+1/2
n are hyperspherical or Gegenbauer polynomials. The latter can be defined by the generating function

(|t| < 1) (
1− 2tx+ t2

)−a−1/2
=

∞∑
n=0

P̃ 0,a
n (x)tn.

Explicit expression and normalization:

P̃m,an (x) =
(
1− x2

)m/2 dmP̃ 0,a
n (x)

dxm
, P̃ 0,a

n (x) =
(2a+ 1)n
(a+ 1)n

1

2nn!

(
x2 − 1

)−a dn

dxn
(x2 − 1)n+a,∫ 1

−1

P̃m,an (x)P̃m,ak (x)
(
1− x2

)a
dx ≡

∫ π

0

P̃m,an (cos θ)P̃m,ak (cos θ) sin2a+1 θ dθ = δnk
21−2aπ

Γ
(
a+ 1

2

)2 Γ(2a+ 1 + n+m)

(n−m)!(2a+ 1 + 2n)
,

in particular:

P̃ 0,a
0 = 1, P̃ 0,a

1 = (2a+ 1)x, P̃ 0,a
2 =

2a+ 1

2
((2a+ 3)x2 − 1), P̃ 0,a

4 =
(2a+ 1)(2a+ 3)

6
((2a+ 5)x3 − 3x),

P̃ 1,a
1 = (2a+ 1) sin θ, P̃ 1,a

2 = (2a+ 1)(2a+ 3) sin θ cos θ, P̃ 2,a
2 = (2a+ 1)(2a+ 3) sin2 θ,

the case a = 0:

P0 = 1, P1 = x, P2 =
1

2
(3x2 − 1), P3 =

1

2
(5x3 − 3x), P4 =

1

8
(35x4 − 30x2 + 3),

P̃ 1
1 = sin θ, P̃ 1

2 = 3 sin θ cos θ, P̃ 2
2 = 3 sin2 θ, P̃ 1

3 =
3

2
(5 cos2 θ − 1) sin θ, P̃ 2

3 = 15 sin2 θ cos2 θ, P̃ 3
3 = 15 sin3 θ.

Hyperspherical harmonics Yln...l1m(θn, . . . , θ1, ϕ) ≡ Yλ (n) are the eigenfunctions of the Laplace operator ∆n on a
hypersphere in Rn+2, here

∆n =
1

sinn θn

∂

∂θn

(
sinn θn

∂

∂θn

)
+

∆n−1

sin2 θn
, ∆0 =

∂2

∂ϕ2
, θk ∈ (0, π), ϕ ∈ (0, 2π).

The eigenvalues are ∆nY = −ln(ln + n)Y , where ln ⩾ . . . ⩾ l1 ⩾ 0 and −l1 ⩽ m ⩽ l1, so that the multiplicity is
2ln+n
ln+n

(
ln+n
n

)
. The principal hyperspherical harmonic is Yln0...0(θn, . . .) ≡ Yln(θn) depends only on θn, by its rotation all

other Yλ of the order ln can be obtained.
Explicit expression and normalization:

Yλ (n) = Φm(ϕ)

n∏
k=1

P̃
lk−1,

k−1
2

lk
(θk), (l0 ≡ |m|), (10.4)

∥Yλ∥2 = ∥Φm∥2
n∏
k=1

22−kπ

Γ(k/2)2
(lk + lk−1 + k − 1)!

(lk − lk−1)!(2lk + k)
,

where Φm can be chosen in exponential form, eimϕ, ∥Φm∥2 = 2π, or trigonometric,

Φm(ϕ) =

{
cosmϕ, m ⩾ 0,

sin |m|ϕ, m < 0,
∥Φm∥2 =

{
π, m ̸= 0,

2π, m = 0.

Addition theorem: ∑
ln−1...l1m

Yλ (n)Yλ (n′)

∥Yλ∥2
=

√
(2l + n)

(4π)
n+1
2

(l + n− 1)!

l!

Yln(θ)

∥Yln∥
,

where θ is the angle between n and n′.
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10.4. Spherical harmonics

In quantum mechanics spherical harmonics are chosen in the following form (Wikipedia, Mathematica)

Ylm(θ, ϕ) =

√
2l + 1

4π

(l − |m|)!
(l + |m|)!

P̃
|m|
l (cos θ) eimϕ, (10.5)

so that Yl,−m = (−1)mYlm. This definition differs from (10.4). The lowest order spherical harmonics:

Y00 =

√
1

4π
, Y10 =

√
3

4π
cos θ, Y1±1 = ∓

√
3

8π
sin θe±iϕ, Y20 =

√
5

16π
(1− 3 cos2 θ),

Y2±1 = ∓
√

15

8π
cos θ sin θe±iϕ, Y2±2 =

√
15

32π
sin2 θe±i2ϕ, Y30 =

√
7

16π
cos θ(5 cos2 θ − 3),

Y3±1 = ∓
√

21

64π
sin θ(5 cos2 θ − 1)e±iϕ, Y3±2 =

√
105

32π
cos θ sin2 θe±i2ϕ, Y3±3 = ∓

√
35

64π
sin3 θe±i3ϕ.

The real valued (tesseral) spherical harmonics are

Ỹl0 = Yl0, Ỹlm = (−1)m
√
2ℜYl|m| for m > 0, Ỹlm = (−1)m

√
2ℑYl|m| for m < 0. (10.6)

For a fixed l this basis is usually ordered as follows: {0, 1,−1, 2,−2, . . .}.
If the coordinate system is rotated by Euler’s angles in y-convention so that r′ = R(α, β, γ)r, the spherical harmonics

transform by the formula

Ylm(θ′, ϕ′) =

l∑
m′=−l

Dl
mm′(α, β, γ)Ylm′(θ, ϕ),

where D is unitary Wigner’s rotation operator given by

Dl
mm′(α, β, γ) = eimα+im′γ dlmm′(β), Dl

mm′(α, β, γ) = Dl
m′m(−γ,−β,−α),

dlmm′(β) =
√

(l +m)!(l −m)!(l +m′)!(l −m′)!

2l∑
k=0

(−1)l−k−m
′
(
cos β2

)2k+m+m′ (
sin β

2

)2(l−k)−m−m′

k!(k +m+m′)!(l − k −m)!(l − k −m′)!

(in the last sum all terms with a negative argument of the factorial are zero). The matix dmm′ is antisymmetric wrt to
the main diagonal and symmetric wrt to the antidiagonal:

dlm′m = dl−m,−m′ = (−1)m+m′
dlmm′ .

In particular,

Dl
0m(α, β, γ) = (−1)m

√
4π

2l + 1
Ylm(β, γ).

The decomposition

Yl1m1
Yl2m2

=

l1+l2∑
l=|l1−l2|

(−1)m1+m2

√
(2l1 + 1)(2l2 + 1)(2l + 1)

4π

(
l1 l2 l
0 0 0

)(
l1 l2 l
m1 m2 −m1 −m2

)
Yl,m1+m2

,

where in braces are Wigner 3j-symbols, can be used for evaluation of matrix elements

⟨l1m1 |f(θ, ϕ)| l2m2⟩ ≡
∫
Yl1m1 f Yl2m2 dΩ.

In particular, the selection rules for ⟨l1m1 |lm| l2m2⟩ matrix elements are: m = m1 − m2 , |l1 − l2| ⩽ l ⩽ l1 + l2, and
l1 + l2 + l must be even. For l = 1 nonzero elements are the following ones:

⟨l − 1,m| cos θ|l,m⟩ = ⟨l,m| cos θ|l − 1,m⟩ =
√
l2 −m2

4l2 − 1
,

⟨l,m| sin θ eiϕ|l − 1,m− 1⟩ = ⟨l − 1,m− 1| sin θ e−iϕ|l,m⟩ =
√

(l +m)(l +m− 1)

4l2 − 1
,

⟨l − 1,m| sin θ eiϕ|l,m− 1⟩ = ⟨l,m− 1| sin θ e−iϕ|l − 1,m⟩ = −
√

(l −m)(l −m+ 1)

4l2 − 1
.

https://en.wikipedia.org/wiki/Table_of_spherical_harmonics
https://mathworld.wolfram.com/SphericalHarmonic.html
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Other integrals: ∫∫
Ylm(n)Yl′m′(n′)f(nn′) dΩdΩ′ = δll′δmm′ 2π

∫ 1

−1

Pl(x)f(x) dx.

The basis for harmonic polynomials consists of the polynomials

hlm(r) =

√
4π

2l + 1
rlYlm(θ, ϕ). (10.7)

If Y are normalized in (10.7) then the addition theorem reads

hlm (r1 + r2) =

∞∑
l1=0

l1∑
m1=−l1

√(
l +m

l1 +m1

)(
l −m

l1 −m1

)
hl1m1

(r1) hl−l1,m−m1
(r2) ,

note that all the terms in the above sum with |m−m1| > l − l1 are zero.

§11. Hypergeometric functions

Generalized hypergeometric function is defined by the series

pFq(a1, . . . , ap; b1, . . . , bq; z) =

∞∑
n=0

(a1)n . . . (ap)n
(b1)n . . . (bq)n

zn

n!
.

We use the brief notations for hypergeometric functions omitting their indexes:

pFq(a1, . . . , ap; b1, . . . , bq; z) ≡ F (a1, . . . , ap; b1, . . . , bq; z).

11.1. Hypergeometric function 2/1

Hypergeometric function 2F1 is defined by the series

F (a, b; c; z) =

∞∑
n=0

(a)n(b)n
(c)nn!

zn

(the convergence radius is 1 at least). If a or b is a nonpositive integer −m then F is a polynomial of the order m. If
c ∈ Z− then F is undefined but

lim
c→−m+1

F (a, b; c; z)

Γ(c)
=

(a)m(b)m
m!

zmF (a+m, b+m; 1 +m; z).

An alternative definition is via the hypergeometric differential equation

z(1− z)w′′ + (c− (a+ b+ 1)z)w′ − abw = 0, (11.1)

whose reduced form is

−y′′ +
(
λ2 − 1

4z2
+

µ2 − 1

4(1− z)2
+
λ2 + µ2 − ν2 − 1

4z(1− z)

)
y = 0,

here w(z) = z−c/2(1− z)(c−a−b−1)/2y(z), λ = 1− c, µ = c− a− b, ν = a− b. The solution of (11.1) for c /∈ Z− is

w1(z) = F (a, b; c; z), w2(z) = z1−cF (a− c+ 1, b− c+ 1; 2− c; z)

with the wronskian (1− c)z−c(1− z)(c−a−b−1). Under any choice if w1(0) = 1 then w2(z) diverges at 0 as z1−c for c ̸= 1
and as ln z for c = 1. If c = m where m ∈ N then

w1(z) = F (a, b;m; z), w2(z) = F (a, b;m; z) ln z −
m∑
n=1

(n− 1)!(1−m)n
(1− a)n(1− b)n

z−n

+

∞∑
n=1

(a)n(b)n
(m)nn!

zn [ψ(a+ n)− ψ(a) + ξ(b+ n)− ψ(b)− ψ(m+ n) + ψ(m)− ψ(n+ 1) + ξ(1)] .
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If c < 1 then the substitution w(z) = z1−cw̃(z) into (11.1) yields the hypergeometric equation with ã = a − c + 1,
b̃ = b− c+ 1, c̃ = 2− c.

Transformation formulas:

F (a, b; c; z) =
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
F (a, b; a+ b− c+ 1; 1− z) +

Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
(1− z)c−a−bF (c− a, c− b; c− a− b+ 1; 1− z)

= (−1)a
Γ(c)Γ(b− a)

Γ(b)Γ(c− a)
z−aF

(
a, a− c+ 1; a− b+ 1;

1

z

)
+ (−1)b

Γ(c)Γ(a− b)

Γ(a)Γ(c− b)
z−bF

(
b, b− c+ 1; b− a+ 1;

1

z

)
= (1− z)−aF

(
a, c− b; c;

z

z − 1

)
= (1− z)c−a−bF (c− a, c− b; c, z).

Integral representation:

F (a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

tb−1(1− t)c−b−1(1− zt)−a dt.

11.2. Hypergeometric function 1/1

Degenerate hypergeometric function (the first Kummer function) 1F1(a; c; z) ≡M(a, c, z) can be defined as the
solution of the degenerate hypergeometric equation

zw′′ + (c− z)w′ − aw = 0. (11.2)

The second solution gives the second Kummer function

U(a, c, z) =
π

sinπc

[
M(a, c, z)

Γ(1 + a− c)Γ(c)
− z1−c

M(1 + a− c, 2− c, z)

Γ(a)Γ(2− c)

]
≡ z−a2F0(a, 1 + a− c;−1/z).

Note that sometimes M and U are denoted by Φ and Ψ. The function M is entire whereas the function U has the
logarithmic branch cut (−∞, 0). Series at zero gives an alternative definition:

M(a, c, z) =

∞∑
n=0

(a)n
(c)n

zn

n!
, |z| < 1.

Integer parameters requires a separate consideration. Let m is a nonnegative integer. If a = −m then M is a
polynomial of the order m and U becomes proportional to M , in this case the function

lim
a→−m

Γ(a)U(a, c, z) ≡ −πz
1−cM(1−m− c, 2− c, z)

sinπc Γ(2− c)

gives the second solution of (11.2). If c = m + 1 then U is undefined but the integral representation gives the so called
logarithmic solution

U(a,m+ 1, z) ≡ (−1)m−1

m! Γ(a−m)

[
M(a,m+ 1, z) ln z +

∞∑
n=0

[ψ(a+ n)− ψ(1 + n)− ψ(1 +m+ n)]
(a)n

(m+ 1)n

zn

n!

]

+
(m− 1)!

Γ(a)

m−1∑
n=0

(a−m)n
(1−m)n

zn−m

n!
.

Finally, if c = −m then M is undefined but

lim
c→−m+1

M(a, c, z)

Γ(c)
=

(a)m
m!

zmM(a+m, 1 +m, z)

and U can be evaluated by the identity

U(a, 1−m, z) ≡ zmU(a+m, 1 +m, z).

Integral representations:

M(a, c, z) =
Γ(c)

Γ(a)Γ(c− a)

∫ 1

0

eztta−1(1− t)c−a−1 dt,

U(a, c, z) =
1

Γ(a)

∫ ∞

0

e−ztta−1(1 + t)c−a−1 dt,

M(a, c, z) =
1

2πi

∫ σ+i∞

σ−i∞

Γ(c)Γ(a+ s)Γ(−s)
Γ(a)Γ(c+ s)

(−z)s ds, −ℜa < σ < 0, | arg(−z)| < π

2
,

U(a, c, z) =
1

2πi

∫ σ+i∞

σ−i∞

Γ(a+ s)Γ(1− c− s)Γ(−s)
Γ(a)Γ(a− c+ 1)

(−z)s ds, −ℜa < σ < min(0, 1−ℜc), | arg z| < 3π

2
.
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Asymptotic expansions as z → ∞:

U(a, c, z) ∼ z−a
∞∑
n=0

(a)n(1 + a− c)n
n!

(−z)−n,

M(a, c, z) ∼ e±iπa Γ(c)

Γ(c− a)
U(a, c, z) +

Γ(c)

Γ(a)
ezza−c

∞∑
n=0

(c− a)n(1− a)n
n!

z−n,

where ± means the upper or lower half-plane.
Whittaker functions Mµ,ν(z) and Wµ,ν(z) are the solutions of the differential equation

y′′ +

(
−1

4
+
µ

z
+

1
4 − ν2

z2

)
y = 0.

It can be obtained from (11.2) by the transformation w(z) = ez/2z−c/2y(z) with µ = c/2 − a and ν = c/2 − 1/2 (note
that a = −n, n ∈ Z+ corresponds to µ = ν + n+ 1/2). In this way(

M

W

)
µ,ν

(z) = zν+1/2e−z
(
M

U

)
(1/2− µ+ ν, 2ν + 1, z).

Some integrals:∫ ∞

0

xα−1M2
s+n+1/2,s(x) dx = n! Γ(α+ 2s+ 1 + n)

(
Γ(2s+ 1)

Γ(2s+ 1 + n)

)2

F (−n,−α,−α; 1,−α− 2s− n; 1), n ∈ Z+.

§12. Orthogonal polynomials

For Legendre and Gegenbauer polynomials see the spherical harmonics.

12.1. Jacobi polynomials

Jacobi polynomials P abn are orthogonal polynomials on [−1, 1] with∫ 1

−1

P abn (x)P abm (x)(1− x)a(1 + x)b dx = δnm
2a+b+1

2n+ a+ b+ 1

(n+ a)!(n+ b)!

n!(n+ a+ b)!
.

They satisfy the differential equation

(1− x2)y′′ + (b− a− (a+ b+ 2)x)y′ + n(n+ a+ b+ 1)y = 0

and therefore reduce to the hypergeometric function:

P abn (x) =

(
n+ a

n

)
F

(
−n;n+ a+ b+ 1, a+ 1;

1− x

2

)
.

Explicit form:

P abn (x) =
(−1)n

2nn!
(1− x)−a(1 + x)−b

dn

dxn
[
(1− x)n+a(1 + x)n+b

]
≡
(
x− 1

2

)n n∑
k=0

(
n+ a

k

)(
n+ b

n− k

)(
x+ 1

x− 1

)k
.

Particular values:

P abn (−x) = (−1)nP abn (x), P abn (1) =

(
n+ a

n

)
, P ab0 (x) = 1, P ab1 (x) =

a− b

2
+

(
1 +

a+ b

2

)
x.

Recurrence relations:

2(n+ 1)(n+ a+ b+ 1)(2n+ a+ b)P abn+1(x) =
[
(2n+ a+ b+ 1)(a2 − b2) + (2n+ a+ b)3x

]
P abn (x)

− 2(n+ a)(n+ b)(2n+ a+ b+ 2)P abn−1(x).

Generating function:

2a+b

R(1− t+R)a(1 + t+R)b
=

∞∑
n=0

P abn (x)tn, R =
√

1− 2xt+ t2.

For any given a, b ⩾ 0 the Sturm–Liouville problem

(1− x2)u′′ − 2xu′ +
(
ν(ν + 1)− a2/2

1−x − b2/2
1+x

)
u = 0,

u(x) = O(1), x→ ±1
(12.1)

has the eigenvalues ν = n+ a+b
2 , n ∈ Z+, corresponding to the eigenfunctions (1− x)a/2(1 + x)b/2P abn (x).
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12.2. Chebyshev polynomials

Chebyshev polynomials Tn satisfy the differential equation

(1− x2)y′′ − xy′ + n2y = 0, x ∈ [−1, 1].

Their orthogonalization properties, recurrence relations, explicit form, and particular values:

∫ 1

−1

Tm(x)Tn(x)√
1− x2

dx = δmn

{
π/2, m ̸= 0,

π, m = 0,

Tn+1(x) = 2xTn(x)− Tn−1(x),

Tn(x) = cos(n arccosx), T0 = 1, T1 = x, T2 = 2x2 − 1, T3 = 4x3 − 3x, T4 = 8x4 − 8x2 + 1.

12.3. Laguerre polynomials

Laguerre polynomials Lan(x) (L0
n ≡ Ln) can be defined as the eigenfunctions of the Sturm–Liouville problem in an

infinite domain

xy′′ + (a+ 1− x)y′ + ny = 0,
y(x) = O(1), x→ +0,
y(x) = o(eεx), x→ +∞.

(12.2)

Laguerre polynomials Lan are orthogonal polynomials of an order n with the following weight:∫ ∞

0

Lan(x)L
a
m(x)e−xxa dx = δnm

Γ(n+ a+ 1)

n!
.

Note that sometimes alternative definition is used: Lalt(n, a, x) = (−1)an!Lan−a(x). Since (12.2) is the degenerate
hypergeometric equation (11.2)

Lan(x) =

(
n+ a

n

)
M(−n; a+ 1;x).

Explicit form:

Lan =
1

n!
exx−a

dn

dxn
(e−xxn+a) ≡

n∑
k=0

(
n+ a

n− k

)
(−x)k

k!
,

in particular,

La0 = 1, La1 = a+ 1− x, La2 =
(a+ 1)(a+ 2)

2
− (a+ 2)x+

1

2
x2.

Recurrence relations in n:

(n+ 1)Lan+1 = (2n+ a+ 1− x)Lan − (n+ a)Lan−1, x
d

dx
Lan = nLan − (n+ a)Lan−1,

other recurrence relations:

Lan = La−1
n + Lan−1, xLa+1

n = (n+ a)Lan−1 − (n− x)Lan,
d

dx
Lan = −La+1

n−1.

Generating functions

1

(1− t)a+1
exp

−tx
1− t

=

∞∑
n=0

Lan(x)t
n,

e−tx(1 + t)a =

∞∑
n=0

La−nn (x)tn.

Uniform approximation for n→ ∞ (valid for 0 ⩽ y < 1):

(2y)a+1/2e−νy
2

Lan
(
2νy2

)
=
(
1− y2

)−1/4√
ξJa(νξ), where ν = 2n+ a+ 1, ξ = y

√
1− y2 + arcsin y.
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12.4. Hermite polynomials

Hermite polynomials Hn satisfy the differential equation

y′′ − 2xy′ + 2ny = 0, x ∈ R.

Their orthogonalization properties, recurrent relations, explicit form, and particular values:∫ +∞

−∞
Hm(x)Hn(x)e

−x2

dx = 2nn!
√
π δmn,

Hn+1(x) = 2xHn(x)− 2nHn−1(x), H ′
n(x) = 2nHn−1(x),

Hn(x) = (−1)nex
2 dne−x

2

dxn
=

[n/2]∑
m=0

(−1)mn!

m!(n− 2m)!
(2x)n−2m,

H0 = 1, H1 = 2x, H2 = 4x2 − 2, H3 = 8x3 − 12x, H4 = 16x4 − 48x2 + 12.

Relation to other functions:

Hn(x) = 2n sgnx U(−n/2, 1/2, x2),

H2k(x) = (−1)k22kk! L
−1/2
k

(
x2
)
, H2k+1(x) = (−1)k22k+1k! xL

1/2
k

(
x2
)
.

Some integrals: ∫ ∞

0

xα−1e−x
2

Hn(x) dx =

{
(−1)k22k

(
2−α
2

)
k
Γ
(
1+α
2

)
, n = 2k + 1,

(−1)k22k−1
(
1−α
2

)
k
Γ
(
α
2

)
, n = 2k,∫ ∞

0

e−αx
2

H2k(x) dx =

√
π(2k)!

2k!

(1− α)k

αk+1/2
,∫ ∞

0

e−αx
2

xH2k+1(x) dx =

√
π(2k + 1)!

2k!

(1− α)k

αk+1/2
,∫ ∞

0

e−α(x−b)
2

Hn(x) dx =

√
π

α

(√
α− 1

α

)n
Hn

(
b

√
α

α− 1

)
.

§13. Generalized functions

Heaviside function θ(x) is defined as the piecewise function

θ(x) ≡ 1 + sgnx

2
=


0, x < 0,

1/2, x = 0,

1, x > 0.

It can be expressed via the functional sequences:

θ(x) = lim
a→+∞

(
1

2
+

1

π
arctan ax

)
= lim
a→+∞

1

2
(1 + erf(ax)) = lim

a→+∞
2− exp(−ax) = lim

a→+∞

1

π

∫ ax

−∞

sin y

y
dy.

Its Fourier transformation is determined by the integral

θ(x) =
1

2
+

1

2π

∫ +∞

−∞

sin kx

k
dk.

Dirac function δ(x) can be defined as the derivative of the Heaviside function δ = θ′. Generally the Dirac function
and its derivatives are defined by the functionals

∫ b

a

f(y)δ(n)(y − x) dy =


1
2 (−1)n(f (n)(x+ 0) + f (n)(x− 0)), a < x < b,
1
2 (−1)nf (n)(a+ 0), x = a,
1
2 (−1)nf (n)(b− 0), x = b,

0, otherwise.
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It can be expressed via the functional sequences:

δ(x) = lim
ε→+0

1

π

ε

x2 + ε2
= lim
ε→+0

1

π
ℑ 1

x− iε
= lim
σ→+0

1√
2πσ2

e−
x2

2σ2 = lim
k→+∞

sin kx

πx
.

Its Fourier transformation is determined by the integral

δ(x) =
1

2π

∫ +∞

−∞
eikx dk.

If ϕ has only single zeros denoted by ξ then

δ(ϕ(x)) =
∑
ξ

δ(x− ξ)

|ϕ′(ξ)|
.

The multidimensional Dirac function is defined as follows:

δ(x) =
∏
i

δ(xi), δ(Ax− b) =
1

detA
δ
(
x−A−1b

)
.

Identities:

δ(r − a) =
1

r2 sin θ
δ(r − a)δ(θ − θa)δ(ϕ− ϕa),

∫
f(r)δ(r) dV =

∫
f(r)δ(r) dr,

δ(r) =
1

4π
∇
( r

r3

)
= − 1

4π
∆

(
1

r

)
,

∫
ψ(r)=0

f dS =

∫
ψ(r)⩾0

f δ(ψ(r)) |∇ψ| dV.

|x|′ = sgnx, (sgnx)′ = 2δ(x).


