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§1. Constants

T 3.1416, e=2.7183, Inl10~2.3026, lg2 ~ 0.30103.
Euler’s constant v = lim,, (Ezzl k1 —1n n) ~ 0.5772.

§2. Sums and products

2.1. Series expansion

Taylor’s formula:
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Multidimensional Taylor’s formula:

o) d n
1 A
=S (S wmo) = Y poena ot
fo,-.2a) = n!( a:z&) /= fre ni!...ng!

=1 ni,...,nqg=0

=W w W W NN =

S O Ut



Sums and products

Series expansion of some elementary functions:

(1+;,;)u:§:<“>x":1+;m+“(“2_1)x2+..., “_M:i@;”)x"

n=0

2.2. Finite sums and products

Hypergeometric sums:
z — (n+ 1)a"t + nznt?

" 1 gt
Za: = — ka = TEE

9

1—2
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> 1—gcosz +igsinz
qu(coskx—i—isinkx): a 1 lq| < 1.
— 1 —2gcosx + g2

Binomial sums:

“Number of points” sums:

1<k 1<k <. . <k <n 1<k <ko<...<km<n

Multinomial coefficients and Pascal’s triangle for them:
Zk NE=m m Nk
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n=mni+...+ny,.
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m
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2.3. Infinite sums and products

Polynomial products:

I1(+55) e

2 (x1+n)2+y?  sin®7xy + sinh? Ty

(o +n)2+y3  sin®may +sinh? wyy

[I

n=0 nez
Products reducible to theta function:
o203 15 0
2n+1 f4 H 1_q —2q2nCOS2I+q4n) — 1(’17) ,
2\%} sinx

00 =5 TLo--

n=
_2n

some other products can be obtained via the identity 1 + ¢" %.
Miscellaneous products:
G 1
1 )= ——.
H ( e ) l1—=x
n=0
Complex variables method:
f(z)dz
_1)"
Z( )'f(n) = 21 c sinmwz’

nel

where the contour C encircles the whole real line and f has no singular points inside C



2.4. Continued fractions

Continued fraction is defined by

a; a QA a

b+ ————

by + -

B[

Qn
bn

where A,, and B,, are solutions of the three-term linear recurrence
Xn =bpXpn-1+anXy 2

with the initial conditions Ay =0, A1 = a1 and By =1, B = by.

§3. Integrals

3.1. Indefinite integrals

_ 2t 1—t%\ dt T
/R(81nx,cosx)dx:/R<1+t2,1+t2>1+t2, t:tang.

Exponential and trigonometric:
/ (sin aa:> 1 <sin am) x <cos aa:)
T dz = — F| . ;
COS ax a? \ cos ax a \sinazx
oz [ SIDbT e sin bz cos bz
de = —— b
/ ¢ (cos bx) T e |“\costz) T\ sinbe ) |

n n—1 -1 n—2
/x"eaxdx:e“z<$n$2 +n(n )@ >

a a a3

Trigonometric:

Miscellaneous integrals:
n * " /n
-1 n—m k n—k
m [y (1—y) dy = < )w (1 —z)" "
() 2\

3.2. Definite integrals

Exponential:
> 1 2 b >
[emman = gyt (e (var - 572) ) 27,
00 s T 0
/ e lem 9 qg = ('u), / e le T Inadr = T(u)y(w),
0 sat 0
TN R L IV b b
/0 e axr xﬁ =T 8701 e8a 171/4 87a +Sgnqll/4 8704 :
Trigonometric:
/2 r —2H L (“4) T dzx
/ sin” z cos” x dz = v ) /
; o (K4% 1 1) 0 V1—2kcosx + k2

— K (k), [K| <1,

/7r cosnx dx mTa® i m+n\ /m-+k a? k a] < 1
= —_— a .
0 (1—2acosz+a?)™™ (1—a2)™! E+n k 1—-a2) "’



4 Integrals

Fourier:

o : 2
tanha = 2/ S,m ar dz,
0

sinh 7z

1 o0
cotha = — 4+ 2/ sin 2ax(cothmx — 1) dz,
a 0

o0 d
Insinha = lna+/ (1 — cos2ax)(cothme —1)— ’
0 X
3.3. Multiple integrals

The volume of a ball and the area of a sphere in R" are given by

7.{.n/2 271-”/2

r(z+1) I (3)

Miscellaneous integrals:

A () sin g
k(a2 + k2)H/%

n 2
/ exp (—047“2 + ikr) dV = (g) ? exp (—L) .

Integrals on quadratic form

k
/ =2 exp (—ar + ikr) AV = an¢g = —,
R3 a

Let consider integrals of the kind
I(2") = \/detA/ f (x/(:n,Ax); x) da’,
Rk

where z € R" and (z, Az) = Z:‘Lj‘:l A;jxir; with a symmetric positively defined matrix A. The R* subspace is
denoted by the prime and the R”* subspace is denoted by the double prime, so that = 2’ + 2”. Let

A M _ c' NT
A:<MT A//)a A1202<N C//)a

so that (z, Az) = (2/, A’2’) + (2", A"2") + 2(2’, Mz"). The integral I can be simplified by the diagonalization
of R¥ subspace produced by the substitution 2’ = Sy — C’Ma”, where S~2 = A’. The result is

I(x”) =V detA/ f <\/(y’y) +( " A:):”) Sy — C'Mz" + x//) dy,
RE

where A = (C")~!. In particular,
\/M/nf<\/m, (a,w)) xr = (51 Iy / / f(r,|Salrcos )r™ L sin™ 2 0 dr db,
Vaaa [ (Vi A) ar 21";22/ L dr.
\/M/Rn x;xjf (W) dz = ”niﬂ:z/;z / f(r)yrttdr.

Gauss integrals

Let us consider the following n-dimensional integral

1 1
I.(a) = / e_§($7Aw)+(a7$) Bi i0.irn i1 Lio « -« L4 d.%‘,
k:( ) det(27rC’) . Z 122..-2k V21 12 k

Q1.0



where the notations are the same as above. Substitution z = y + C'a reduces this integral to

Ik (a) _ e%(a,Ca

e (A Biy iy (Yiy +(Ca)iy) - (yi, +(Ca);y,) dy.
\/W/n “z;k 1 k(yl ( )1) (yk ( )k) Y

Integral I;(0) can be calculated explicitly: it will zero for odd k and
IQm(O) = (Qm— 1)” Z B[il’i2m7j2m]C7:1i2 Ci3i4 s Ci2m71i2m = <2m_ 1)” Z Bi1i2---i2mC[i1i2 Ci3i4 s Cizm—lizm]’
i1.i2m i1 i2m

where [i1i3 .. . 12,,] means the symmetrization over the all indexes, i.e.

1
B[ilig...igm] = W Z B]1]2.72m

J1j2.--j2m=perm(i1iz...izm)

For example,
/ e 2(@AT) 22m gy — (9 — 1)IICT.

1
det(2wC)

For small & we have

In(a) = e2@C0)  [1(a) = e2@C)(B Ca),  Ir(a) = 20 [tr(BC) + (a, CBCa)].

§4. Asymptotic methods

The directed equality f(z) = O(¢(z)), * — 0 means Ja,c Vz : |z| < a |f(x)] < c|e(x)|. If no limiting
point is specified then the equivalence is considered as uniform. The directed equality f(z) = o(p(z)), = — 0
means lim,_,o f(x)/¢(x) = 0. The equality f(z) ~ ¢(x), x — 0 means lim;_,o f(z)/¢(x) = 1. The asymptotic
expansion f(x) ~ > 22, cxpr(z), * — 0 means f(x) — > p_; ckpr(x) = o(pn(x)), © — 0. These relations are
algebraically transitive and admit integration, differentiation is generally not allowed.

4.1. Summation
Sums with smoothly varying terms are evaluated by Euler—-Maclaurin formula:
n 1 [hn F0)+ f(hn) <& B _ _ 1 om (™ Bom () Lom
f(hk) = — f(x) dx+()—()—zi [f(% 1)(0) _ f(2k D(hn)} R2k=1_p2 /O (22m()')f(2 )(hy) dy,

[
k=0 I Jo 2 1 (2)!

where

Bom(y) e Z cos 2rky
(2mk)2m’

For sums with oscillating terms there are following methods. In case of alternating terms the sum can be
converted to the one with positive terms by abelian transformation:

n—1 n
Zakbk_A bo+ Y Ak(br = bry1),  An =) k.
k=0 k=0 k=0

In other cases one can use Poisson’s summation formulas:
oo
§ f(ki + a) — lim E : 27r1ka/ 727r1kxf
n—oo
k=—0c0 k=—n

providing that the sums ), f(k+ ) and ), f'(k + «) converge uniformly for 0 < z < 1.
See also abelian and tauberian theorems in Section 6.3.



6 Integral transforms

4.2. Integration

See abelian and tauberian theorems in Section 5.2.

4.3. Saddle-point methods

Here we consider asymptotics of integral [ MG f(2)dz as A — +o0.
Let zp be a nondegenerate global maximum of S and let g be an inner point of the integration interval

then
3n k
/e)‘s(’”)f(x) Qi o MS(@0) _)\;T(xo) lz ey <;)k <_)\S%(xo)> +o0 ()\n)] , (4.1)
k=0

where ¢, are defined via the following generating function

[e.9]

f(x)exp A [S(x) — S(xg) — %S"(ajo)(x - xO)Q] = Z cm(A) (x — x0)™.

m=0

If 2y coincides with the boundary point of the integration interval then one must divide the right-hand side of
(4.1) by 2. The first two terms in (4.1) can be written explicitly:

" " 1 Qm "2
/e)\S(:p)f(:E)dwNe)\S(Io) 277[- |:f_|_ 1 < f + s + F's — 5/ 5 > +:| .
r=x0

—\S"(xo) A\ 257 T892 T 29m 249

In a multidimensional case

/e’\s(‘”)f(:v) da ~ 2

AS(zo)

i k!;c)\k (Qi_jlaiaj)k {f(x) exp A [S(a:) — S(x0) — %Q’L](wl — 2l (af — xf))} }
k=0

AQ
det o

r=x0
2

%S

where Qi = — 57755 | and the summation over the dummy indexes is used. The leading term in the above
Zo

series is f(xg).
If 7o is a degenerate maximum such that S(z) — S(zo) ~ (z — x9)*™ then the leading term is

AS(2) Lo (L AS(o) 2/ (2m)!
/e flx)dz mF <2m> e 7)\5(2@(%0)]“@0).

If the global maximum of S is reached at the left boundary of the integration interval a and S’(a) # 0 then

st 0t () k (&) La S

a k=0

Some examples of oscillating integrals:

T iacoso T i/
[ ei@)ao~ [ 2010

See also [2].

§5. Integral transforms

5.1. Fourier transform

Fourier transform is defined by

f(k) = /_OO f(x)e_ikx dx, ke C,



so that V — ik as in quantum mechanics. Its inverse is given by
1 RN .
f(z) = / f(k)e* dk, z € R.
2 J_

In mathematical literature the symmetric form is used, and the second integral is considered as principal value.
Besides (z, k) pair, in physical literature (¢,w) pair is used, but with opposite sign:

= [ s,

to perform Fourier transform by plane waves el(k#—wt)

Some identities:
(oo} 1 (oo} = k R k k

/_ "t = y)aly) dy — FR)ak).

Transformation table (n is the dimension):

T‘m_%Kmf% (Oé?”) N 1
P ] (@5 P

n-dimensional Fourier transform of axially symmetric function f(x) = f(r, €) can be calculated by formulas

f(k?,,ﬁ) _ S’n2/ P ld’l"/ f r, 0 —1kTCOS6‘ n" 29d(9
0

f(’l”,a) = (527;_)%/0 L 1dk/ f 1krcosﬁsinn72Bd6.

In the case of spherical symmetry
27_[_ n/2

k21

f(k) = / f(r Jn 1(kr)r "2 qr, fr) = /00 f(k)J%_1(kr)kn/2 dk.

(2m)n/2r2=1 Jy

5.2. Laplace transform

Laplace transform is defined by

5) = /0 T et dt = /0 T et dR(), s € C,

where the second expression is a more general form with monotonic non-decreasing F' (if F' is differentiable
then f = F’). The inverse transformation is given by

£t) = — /Hm f(s)ettds, t € Ry

21 oo

The function f(t) is assumed to be zero for ¢ < 0, f(s) must be analytic for Rs > o. If the only singularities of
f are branch cut (—p, 0) and isolated singular points then one can use the following formula in the limit » — 0:

ft) = ;res f(s)et + % /TPT {f(—x —i0) — f(—z 4i0)| e * dx
e —pt 2m

1 . i
fl=p+ 7“6"15)6”e ¢ pel® do.

—1—% f(re )tre reld’dgb—}— o /)

Some properties:



8 Integral transforms

shift and dilatation:

flt=a) = e f(s), a2 0, i@ fs-a) Sl T (),

differentiation and integration:

FE) = 8" () =" (0) = 8" F(0) — . - f(”’”(O) 1R§§1iar [ s >] ,
eI = FOE. [ e ) 0 [ Fe

convolution and product:

1 s+ico
/f ot =r)dr = F&3(s)  f0) 5 [ Fegls =)o

271 Sy oo

special properties:

/0 (gt ) dr - Fla(s)d(s), where glt,7) — ¢ TIOG(s),
Vi =0 f(t) > g(t) = Vs >0 f(s) > d(s)-
Transformation table:

1 .. s+ ia
, cosat +isinat - ——-s, — ,
(s —a) s +a st

1 r u
W — eI (—p,as), a >0, v(p, at)e™ — ﬂ

I3
2

eVt % [1 - ;\\/geu (1 —erf <2\/§>>} .t let L9 (g) K, (2v/as),

t In(1
—Ei (—) N mj etLiM (—et) N 4

a s (14 s)sinws’

Regular series

Series expansion around s = oo:

. / (n)
Foo = I L0 5T

+ ...

Expansion in Laguerre polynomials can provide numerical inversion:

u (—1)" dn 1 /1
)=t ch ), where ¢ = F'n+a+1) ds® s‘”‘lf s

Asymptotic expansion as t — oo

s=1

By argument shift one can move any singularity to s = 0. If s = 0 is an isolated singular point then one can
use the residue formula. In the case of non-isolated singularities we obtain asymptotic expansion as t — co. In
particular, let s = 0 be an algebraic branch point and thus

_ (0.9]
s) = sk Z cns”
n=0
or linear combination of such generalized series. Then for f(t) we obtain the following asymptotic expansion:
sinTp 1 o= (=), I(n+4p+1)

T tptl in

n=0

ft) ~ =




For simple logarithmic singularity one have similarly

o0 oo

1 (=D)"c, I'(n+1)

=lIns gocns” = f(t)w—g 50 o :
n= n=

For complex logarithmic singularities one can use the correspondence

min(m—1,n)

(~1)™m! i (L
"In™s ¢+ —F——r SET
§ S 75n—&-1 kzo n+1 F(Z) mfk7

where S¥ are Stirling’s numbers of the first kind and () is the k-th term in series expansion at z = 0, which

can be obtained from
— ((k
Int) z — )
7 + In kg A

t* sinwz
—_— = ex
I'(2) T P

Tauberian theorems

Let call function ¢ slow varying if YA > 0 lim, eQa) (logarithmic function and any function having

e(z)
a limit at infinity are examples). It can be shown [1, v.2, p.508] that

- HH
~sPp(l)s),s > +0 << F(t)~=——"-—0(), t— o0,
Fs) ~ s p(1/5), 5 0~ sy et tow
- e
~ g H , — — F{t)= =—p(1/t), t - +0.
Fs) ~ s70ls), 5 - o0 (1) = e /D)
If F is differentiable then
- (1 0 ne
~ — 40 = f(t) ~ ———p(t), t — o0,
sf(s) ~ 57 (1/5), s FO) ~ oy et o
and limg 0 5f(s) = (f),_, if the limit exists.
Laplace transforms of logarithmic functions
One can show that
r 1 1
™t — ‘EVV)PT’;L(ln s) and " In™s I,(l/)QZ%(lnt),

where m € Zy, P? and QV, are polynomials of the order m. Explicit formulas for these polynomials are

BN e 1 ) NV (s,
P = ST g = e L (5.

They can be found with the use of the recurrence relations

OPY (z)

B@)=+1,  PY@) =) -z P =m0 4 PPy,
Q) =1, Q) =v)—r Q) = LD org ).

Note that the difference between P and Q is only in opposite signs at 21 (1), k € Z,. If v < 0 then the
transform is undefined. But we can easily define inverse Laplace transforms for these values of v by the above
formula, taking limit for non-positive integer v. Direct Laplace transform is still undefined for non-positive
integer v by the above formula, but it can be defined via the inverse transform in this case.
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Discrete transforms

§6. Discrete transforms

6.1. Fourier series

Fourier series is defined in context of the following transformation:

Fk) =" fne®*", k€ (=m,m],
neL

fn= ! f( Ye Fr dk, n e Z.

om J_

f(k) is regarded as 27-periodic so one can choose k € [0, 27) also.
Some properties:

e transform of unit function:
1 — 2mo(k), Ono — 1,

e argument shift and inversion:

fova = f(R)e ke foé? o f(k4+p),  fon— f(=

multiplication on argument and differentiation:

df (k)
dk ’

nfp — —i

product and convolution:

fo = fae1 — FlR)(1 —€F),

k) Ef(QT['—]{I),

27 R .
futn = = T D A L L]

2T
MmEZ

other identities:

neZ nez

Transformation table:

_ 1—¢?
aln| _,

¢ 1 —2qcosk + q¢%

6.2. Discrete Fourier transform

Discrete Fourier transform is defined by
fk’_an lkm k= ll? lIO,L—l,,
ZZfe_lk", n=0,L—1,,
k

both f,, and fk are L-periodic. If fk is even function then

[%5]

fo= fo+Zflcos<7rLl)+I{L1seven}(

Some properties:

2 . 1
DR M (CVC S L DY

D"

fr.
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transform of unit function:

1— L(Sko, 5710 — 1,

e argument shift:
fn+a - fk:e_lkaa fnelpn — fk-i—pa

discrete differentiation:

fo = fae1 — F(R)(1 — &),

product and convolution:
L—1

1 s s
fngn — Z angk—m Z fmgnfm — fkgka
K m=0
e other identities:
-1 1 R -1 1 A
> fugn = 7 > Febonks Y fagrn = I > Frir-
n=0 k n=0 k

Transformation table:

>
= —cosk: 6

6.3. Generating function

Generating function is defined in context of the following transformation:

—anq”, geC,

fle)dg _ f™(0)
I 27r1n'?é "+1 - nl €Ly,

q=0

here f(q) is the generating function of the sequence {f,}; f. is assumed to be zero for n < 0.
Some properties:

e transform of unit function: )
1— vt Oono — q",
e shift and dilatation:
foea = f(@)", a >0,  fup" — f(pa),

e multiplication on argument, differentiation, and summation:

Flo(1—q) — fo . &
q b

nfn%qc?qf(Q)a Jot1 — fn— fn— fa1 — f@)(1 —q), Jm —

e convolution:

> FnGn-m — F(@)3(q)-

m=0

Tauberian theorems: Karamata proved for slow varying function L that

P 1 1 n ~z
f(Q)N(lq)uL<1q>,q—>l—0,,u20 = mewml}(n),n%oo,

and if the sequence {f,,} is monotonic then

m=0

nt—1
IN(D)
In particular, if 41 = 0 then the statement becomes trivial: > °_ fr = f(1).

an

L(n), n — oc.
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