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§1. Constants

π ≈ 3.1416, e ≈ 2.7183, ln 10 ≈ 2.3026, lg 2 ≈ 0.30103.

Euler’s constant γ = limn→∞
(∑n

k=1 k
−1 − lnn

)
≈ 0.5772.

§2. Sums and products

2.1. Series expansion

Taylor’s formula:

f(x) =
n∑

k=0

f (k)(0)

k!
xk +Rn(x),

where

Rn(x) =
1

n!

∫ x

0
f (n+1)(y)(x− y)n dy =

f (n+1)(ξ)

(n+ 1)!
xn+1, 0 < ξ < x.

Multidimensional Taylor’s formula:

f(x1, . . . , xd) =
∞∑
n=0

1

n!

(
d∑

i=1

xi∂i

)n

f =
∑

n1,...,nd⩾0

f (n1,...,nd)
xn1
1 . . . xnd

d

n1! . . . nd!
.



2 Sums and products

Series expansion of some elementary functions:

(1 + x)µ =
∞∑
n=0

(
µ

n

)
xn = 1 + µx+

µ(µ− 1)

2
x2 + . . . ,

1

(1− x)m+1
=

∞∑
n=0

(
m+ n

m

)
xn.

2.2. Finite sums and products

Hypergeometric sums:

n∑
k=0

xk =
1− xn+1

1− x
,

n∑
k=0

kxk =
x− (n+ 1)xn+1 + nxn+2

(1− x)2
,

∞∑
k=0

qk(cos kx+ i sin kx) =
1− q cosx+ iq sinx

1− 2q cosx+ q2
, |q| < 1.

Binomial sums:

n∑
k=0

(
n

k

)(
a

b+ k

)
=

(
a+ n

b+ n

)
.

“Number of points” sums:

∑
1⩽k1⩽k2⩽...⩽km⩽n

1 =

(
n+m− 1

m

)
,

∑
1⩽k1<k2<...<km⩽n

1 =

(
n

m

)
.

Multinomial coefficients and Pascal’s triangle for them:(
m∑
k=1

xk

)n

= n!

∑
k nk=n∑
nk⩾0

m∏
k=1

xnk
k

nk!
,

m∑
k=0

(n− 1)!

n1! . . . nk−1!(nk − 1)!nk+1! . . . nm!
=

n!

n1! . . . nm!
, n = n1 + . . .+ nm.

2.3. Infinite sums and products

Polynomial products:

∞∏
n=0

(
1 +

y2

(x+ n)2

)
=

∣∣∣∣ Γ(x)

Γ(x+ iy)

∣∣∣∣2 , ∏
n∈Z

(x1 + n)2 + y21
(x2 + n)2 + y22

=
sin2 πx1 + sinh2 πy1

sin2 πx2 + sinh2 πy2
.

Products reducible to theta function:

∞∏
n=1

(
1− q2n

)
= 3

√
θ′1
2 4
√
q
,

∞∏
n=0

(
1− q2n+1

)
= 6

√
2 4
√
qθ34
θ′1

,

∞∏
n=1

(
1− q2n

) (
1− 2q2n cos 2x+ q4n

)
=

θ1(x)

2 4
√
q sinx

,

some other products can be obtained via the identity 1 + qn = 1−q2n

1−qn .

Miscellaneous products:
∞∏
n=0

(
1 + x2

n)
=

1

1− x
.

Complex variables method: ∑
n∈Z

(−1)nf(n) = 1

2i

∫
C

f(z) dz

sinπz
,

where the contour C encircles the whole real line and f has no singular points inside C.
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2.4. Continued fractions

Continued fraction is defined by

Kn
k=1 (ak/bk) =

a1
b1+

a1
b2+

. . .
an
bn

=
a1

b1 +
a2

b2 +
.. .

an

bn

≡ An

Bn
,

where An and Bn are solutions of the three-term linear recurrence

Xn = bnXn−1 + anXn−2

with the initial conditions A0 = 0, A1 = a1 and B0 = 1, B1 = b1.

§3. Integrals

3.1. Indefinite integrals

Trigonometric: ∫
R(sinx, cosx) dx =

∫
R

(
2t

1 + t2
,
1− t2

1 + t2

)
dt

1 + t2
, t = tan

x

2
.

Exponential and trigonometric:∫
x

(
sin ax

cos ax

)
dx =

1

a2

(
sin ax

cos ax

)
∓ x

a

(
cos ax

sin ax

)
,∫

eax
(
sin bx

cos bx

)
dx =

eax

a2 + b2

[
a

(
sin bx

cos bx

)
∓ b
(
cos bx

sin bx

)]
,∫

xneax dx = eax
(
xn

a
− nxn−1

a2
+
n(n− 1)xn−2

a3
− . . .

)
.

Miscellaneous integrals:(
n

m

)
m

∫ x

0
ym−1(1− y)n−m dy =

n∑
k=m

(
n

k

)
xk(1− x)n−k.

3.2. Definite integrals

Exponential: ∫ x

−∞
e−ax2+bx dx =

1

2

√
π

a
e

b2

4a

(
1 + erf

(√
ax− b

2
√
a

))
−→
x→∞

√
π

a
e

b2

4a ,∫ ∞

0
xsµ−1e−axs

dx =
Γ(µ)

saµ
,

∫ ∞

0
xµ−1e−x lnx dx = Γ(µ)ψ(µ),∫ ∞

0
e−ax2+bx dx√

x
= π

√
|b|
8a

e
b2

8a

[
I−1/4

(
b2

8a

)
+ sgn q I1/4

(
b2

8a

)]
.

Trigonometric:

∫ π/2

0
sinµ x cosν x dx =

Γ
(
µ+1
2

)
Γ
(
ν+1
2

)
2Γ
(µ+ν

2 + 1
) ,

∫ π

0

dx√
1− 2k cosx+ k2

= 2K(k), |k| < 1,∫ π

0

cosnx dx

(1− 2a cosx+ a2)m+1 =
πan

(1− a2)m+1

m∑
k=0

(
m+ n

k + n

)(
m+ k

k

)(
a2

1− a2

)k

, |a| < 1.



4 Integrals

Fourier:

tanh a = 2

∫ ∞

0

sin 2ax

sinhπx
dx,

coth a =
1

a
+ 2

∫ ∞

0
sin 2ax(cothπx− 1) dx,

ln sinh a = ln a+

∫ ∞

0
(1− cos 2ax)(cothπx− 1)

dx

x
.

3.3. Multiple integrals

The volume of a ball and the area of a sphere in Rn are given by

Vn =
πn/2

Γ
(
n
2 + 1

) , Sn = nVn =
2πn/2

Γ
(
n
2

) .
Miscellaneous integrals:∫

R3

rµ−2 exp (−ar + ikr) dV =
4πΓ(µ) sinµϕ

k (a2 + k2)µ/2
, tanϕ =

k

a
,∫

Rn

exp
(
−αr2 + ikr

)
dV =

(π
α

)n
2
exp

(
− k

2

4α

)
.

Integrals on quadratic form

Let consider integrals of the kind

I(x′′) =
√
detA

∫
Rk

f
(√

(x,Ax); x
)
dx′,

where x ∈ Rn and (x,Ax) =
∑n

i,j=1Aijxixj with a symmetric positively defined matrix A. The Rk subspace is

denoted by the prime and the Rn−k subspace is denoted by the double prime, so that x = x′ + x′′. Let

A =

(
A′ M
M⊤ A′′

)
, A−1 = C =

(
C ′ N⊤

N C ′′

)
,

so that (x,Ax) = (x′, A′x′) + (x′′, A′′x′′) + 2(x′,Mx′′). The integral I can be simplified by the diagonalization
of Rk subspace produced by the substitution x′ = Sy − C ′Mx′′, where S−2 = A′. The result is

I(x′′) =
√

det Ã

∫
Rk

f

(√
(y, y) + (x′′, Ãx′′); Sy − C ′Mx′′ + x′′

)
dy,

where Ã = (C ′′)−1. In particular,

√
detA

∫
Rn

f
(√

(x,Ax), (a, x)
)
dx =

2π
n−1
2

Γ
(
n−1
2

) ∫ ∞

0

∫ π

0
f(r, |Sa|r cos θ)rn−1 sinn−2 θ dr dθ,

√
detA

∫
Rn

f
(√

(x,Ax)
)
dx =

2πn/2

Γ(n/2)

∫ ∞

0
f(r)rn−1 dr,

√
detA

∫
Rn

xixjf
(√

(x,Ax)
)
dx = Cij

2πn/2

nΓ(n/2)

∫ ∞

0
f(r)rn+1 dr.

Gauss integrals

Let us consider the following n-dimensional integral

Ik(a) =
1√

det(2πC)

∫
Rn

e−
1
2
(x,Ax)+(a,x)

∑
i1...ik

Bi1i2...ikxi1xi2 . . . xik dx,
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where the notations are the same as above. Substitution x = y + Ca reduces this integral to

Ik(a) = e
1
2
(a,Ca) 1√

det(2πC)

∫
Rn

e−
1
2
(y,Ay)

∑
i1...ik

Bi1...ik (yi1 + (Ca)i1) . . . (yik + (Ca)ik) dy.

Integral Ik(0) can be calculated explicitly: it will zero for odd k and

I2m(0) = (2m−1)!!
∑

i1...i2m

B[i1i2...i2m]Ci1i2Ci3i4 . . . Ci2m−1i2m ≡ (2m−1)!!
∑

i1...i2m

Bi1i2...i2mC[i1i2Ci3i4 . . . Ci2m−1i2m],

where [i1i2 . . . i2m] means the symmetrization over the all indexes, i.e.

B[i1i2...i2m] ≡
1

(2m)!

∑
j1j2...j2m=perm(i1i2...i2m)

Bj1j2...j2m .

For example,
1√

det(2πC)

∫
Rn

e−
1
2
(x,Ax)x2mi dV = (2m− 1)!!Cm

ii .

For small k we have

I0(a) = e
1
2
(a,Ca), I1(a) = e

1
2
(a,Ca)(B,Ca), I2(a) = e

1
2
(a,Ca) [tr(BC) + (a,CBCa)] .

§4. Asymptotic methods

The directed equality f(x) = O(φ(x)), x → 0 means ∃a, c ∀x : |x| < a |f(x)| ⩽ c|φ(x)|. If no limiting
point is specified then the equivalence is considered as uniform. The directed equality f(x) = o(φ(x)), x→ 0
means limx→0 f(x)/φ(x) = 0. The equality f(x) ∼ φ(x), x→ 0 means limx→0 f(x)/φ(x) = 1. The asymptotic
expansion f(x) ∼

∑∞
k=1 ckφk(x), x → 0 means f(x) −

∑n
k=1 ckφk(x) = o(φn(x)), x → 0. These relations are

algebraically transitive and admit integration, differentiation is generally not allowed.

4.1. Summation

Sums with smoothly varying terms are evaluated by Euler–Maclaurin formula:

n∑
k=0

f(hk) =
1

h

∫ hn

0
f(x) dx+

f(0) + f(hn)

2
−

m∑
k=1

B2k

(2k)!

[
f (2k−1)(0)− f (2k−1)(hn)

]
h2k−1−h2m

∫ n

0

B̃2m(y)

(2m)!
f (2m)(hy) dy,

where
B̃2m(y)

(2m)!
= 2(−1)m+1

∞∑
k=1

cos 2πky

(2πk)2m
.

For sums with oscillating terms there are following methods. In case of alternating terms the sum can be
converted to the one with positive terms by abelian transformation:

n∑
k=0

akbk = Anbn +
n−1∑
k=0

Ak(bk − bk+1), An =
n∑

k=0

ak.

In other cases one can use Poisson’s summation formula:

∞∑
k=−∞

f(k + a) = lim
n→∞

n∑
k=−n

e2πika
∫ ∞

−∞
e−2πikxf(x) dx,

providing that the sums
∑

k f(k + x) and
∑

k f
′(k + x) converge uniformly for 0 ⩽ x ⩽ 1.

See also abelian and tauberian theorems in Section 6.3.



6 Integral transforms

4.2. Integration

See abelian and tauberian theorems in Section 5.2.

4.3. Saddle-point methods

Here we consider asymptotics of integral
∫
eλS(z)f(z) dz as λ→ +∞.

Let x0 be a nondegenerate global maximum of S and let x0 be an inner point of the integration interval
then ∫

eλS(x)f(x) dx ∼ eλS(x0)

√
2π

−λS′′(x0)

[
3n∑
k=0

c2k(λ)

(
1

2

)
k

(
2

−λS′′(x0)

)k

+ o
(
λ−n

)]
, (4.1)

where cm are defined via the following generating function

f(x) expλ

[
S(x)− S(x0)−

1

2
S′′(x0)(x− x0)2

]
=

∞∑
m=0

cm(λ)(x− x0)m.

If x0 coincides with the boundary point of the integration interval then one must divide the right-hand side of
(4.1) by 2. The first two terms in (4.1) can be written explicitly:∫

eλS(x)f(x) dx ∼ eλS(x0)

√
2π

−λS′′(x0)

[
f +

1

λ

(
− f ′′

2S′′ +
fS′′′′

8S′′2 +
f ′S′′′

2S′′2 −
5fS′′′2

24S′′3

)
+ . . .

]
x=x0

.

In a multidimensional case∫
eλS(x)f(x) dx ∼ eλS(x0)√

det λQ
2π

∞∑
k=0

1

k!2kλk

(
Q−1

ij ∂
i∂j
)k {

f(x) expλ

[
S(x)− S(x0)−

1

2
Qij(x

i − xi0)(xj − x
j
0)

]}∣∣∣∣
x=x0

.

where Qij = − ∂2S
∂xi∂xj

∣∣∣
x0

and the summation over the dummy indexes is used. The leading term in the above

series is f(x0).
If x0 is a degenerate maximum such that S(x)− S(x0) ∼ (x− x0)2m then the leading term is∫

eλS(x)f(x) dx ∼ 1

m
Γ

(
1

2m

)
eλS(x0) 2m

√
− (2m)!

λS(2m)(x0)
f(x0).

If the global maximum of S is reached at the left boundary of the integration interval a and S′(a) ̸= 0 then∫
a
eλS(x)f(x) dx ∼ eλS(a)

∞∑
k=0

λ−k−1

(
− d

S′(x) dx

)k (
− f(x)
S′(x)

)∣∣∣∣∣
x=a

= −eλS(a)

λ

f(a)

S′(a)
+ . . .

Some examples of oscillating integrals:∫ π−ε

0
eiλ cosϕf(ϕ) dϕ ∼

√
π

2λ
ei(λ−π/4)f(0).

See also [2].

§5. Integral transforms

5.1. Fourier transform

Fourier transform is defined by

f̂(k) =

∫ ∞

−∞
f(x)e−ikx dx, k ∈ C,
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so that ∇ → ik as in quantum mechanics. Its inverse is given by

f(x) =
1

2π

∫ ∞

−∞
f̂(k)eikx dk, x ∈ R.

In mathematical literature the symmetric form is used, and the second integral is considered as principal value.
Besides (x, k) pair, in physical literature (t, ω) pair is used, but with opposite sign:

f̂(ω) =

∫ ∞

−∞
f(t)eiωt dt,

to perform Fourier transform by plane waves ei(kx−ωt).
Some identities: ∫ ∞

−∞
f(x)g(x) dx =

1

2π

∫ ∞

−∞
f̂(k)ĝ(k) dk,∫ ∞

−∞
f(x− y)g(y) dy → f̂(k)ĝ(k).

Transformation table (n is the dimension):

δ(x)→ 1,

exp
(
−αr2

)
→
(π
α

)n
2
exp

(
− k

2

4α

)
,

e−αr →
2nπ

n−1
2 Γ

(
n+1
2

)
α

(α2 + k2)
n+1
2

,

rm−n
2Km−n

2
(αr)

2m+n
2
−1π

n
2 Γ(m)αm−n

2

→ 1

(α2 + k2)m

n-dimensional Fourier transform of axially symmetric function f(x) = f(r, θ) can be calculated by formulas

f̂(k, β) = Sn−2

∫ ∞

0
rn−1 dr

∫ π

0
f(r, θ)e−ikr cos θ sinn−2 θ dθ,

f(r, θ) =
Sn−2

(2π)n

∫ ∞

0
kn−1 dk

∫ π

0
f̂(k, β)eikr cosβ sinn−2 β dβ.

In the case of spherical symmetry

f̂(k) =
(2π)n/2

k
n
2
−1

∫ ∞

0
f(r)Jn

2
−1(kr)r

n/2 dr, f(r) =
1

(2π)n/2r
n
2
−1

∫ ∞

0
f̂(k)Jn

2
−1(kr)k

n/2 dk.

5.2. Laplace transform

Laplace transform is defined by

f̃(s) =

∫ ∞

0
f(t)e−st dt =

∫ ∞

0
e−st dF (t), s ∈ C,

where the second expression is a more general form with monotonic non-decreasing F (if F is differentiable
then f ≡ F ′). The inverse transformation is given by

f(t) =
1

2πi

∫ σ+i∞

σ−i∞
f̃(s)est ds, t ∈ R+.

The function f(t) is assumed to be zero for t < 0, f̃(s) must be analytic for ℜs > σ. If the only singularities of
f̃ are branch cut (−p, 0) and isolated singular points then one can use the following formula in the limit r → 0:

f(t) =
∑
s

res f̃(s)est +
1

2πi

∫ p−r

r

[
f̃(−x− i0)− f̃(−x+ i0)

]
e−xt dx

+
1

2π

∫ π

−π
f̃(reiϕ)etre

iϕ
reiϕ dϕ+

e−pt

2π

∫ 2π

0
f̃(−p+ reiϕ)etre

iϕ
reiϕ dϕ.

Some properties:



8 Integral transforms

• shift and dilatation:

f(t− a)→ e−asf̃(s), a ⩾ 0, eatf(t)→ f̃(s− a), f(at)→ 1

a
f̃
(s
a

)
,

• differentiation and integration:

f (n)(t)→ snf̃(s)− sn−1f(0)− sn−2f ′(0)− . . .− f (n−1)(0) =
1

s
Regular

s→∞

[
sn+1f̃(s)

]
,

tnf(t)→ (−1)nf̃ (n)(s),
∫ t

0
f(τ) dτ → 1

s
f̃(s),

1

t
f(t)→

∫ ∞

s
f̃(σ) dσ,

• convolution and product:∫ t

0
f(τ)g(t− τ) dτ → f̃(s)g̃(s), f(t)g(t)→ 1

2πi

∫ s+i∞

s−i∞
f̃(σ)g(s− σ) dσ,

• special properties: ∫ ∞

0
f(τ)g(t, τ) dτ → f̃(q(s))g̃(s), where g(t, τ)→ e−τq(s)g̃(s),

∀t ⩾ 0 f(t) ⩾ g(t) =⇒ ∀s ⩾ 0 f̃(s) ⩾ g̃(s).

Transformation table:

eat → 1

(s− a)
, cos at+ i sin at→ s+ ia

s2 + a2
, tµ−1 → Γ(µ)

sµ
, tµ−1 [ψ(µ)− ln t]→ Γ(µ)

sµ
ln s,

1

(t+ a)µ+1
→ eassµΓ(−µ, as), a > 0, γ(µ, at)eat → Γ(µ)aµ

sµ(s− a)
, Jµ(at)→

(√
s2 + a2 − s

)µ
aµ
√
s2 + a2

,

e−a
√
t → 1

s

[
1− a

√
π

2
√
s
e

a2

4s

(
1− erf

(
a

2
√
s

))]
, tµ−1e−

a
t → 2

(a
s

)µ
2
Kµ(2

√
as),

−Ei
(
− t
a

)
→ ln(1 + as)

s
, etLiµ

(
−et
)
→ π

(1 + s)µ sinπs
.

Regular series

Series expansion around s =∞:

f̃(s) =
f(0)

s
+
f ′(0)

s2
+ . . .+

f (n)(0)

sn+1
+ . . .

Expansion in Laguerre polynomials can provide numerical inversion:

f(t) = ta
∞∑
n=0

cnL
a
n(t), where cn =

(−1)n

Γ(n+ a+ 1)

dn

dsn

(
1

sa+1
f̃

(
1

s

))∣∣∣∣
s=1

.

Asymptotic expansion as t→∞

By argument shift one can move any singularity to s = 0. If s = 0 is an isolated singular point then one can
use the residue formula. In the case of non-isolated singularities we obtain asymptotic expansion as t→∞. In
particular, let s = 0 be an algebraic branch point and thus

f̃(s) = sµ
∞∑
n=0

cns
n

or linear combination of such generalized series. Then for f(t) we obtain the following asymptotic expansion:

f(t) ∼ −sinπµ

π

1

tµ+1

∞∑
n=0

(−1)ncnΓ(n+ µ+ 1)

tn
.
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For simple logarithmic singularity one have similarly

f̃(s) = ln s
∞∑
n=0

cns
n =⇒ f(t) ∼ −1

t

∞∑
n=0

(−1)ncnΓ(n+ 1)

tn
.

For complex logarithmic singularities one can use the correspondence

sn lnm s← (−1)mm!

tn+1

min(m−1,n)∑
k=0

Sk+1
n+1

(
tz

Γ(z)

)
m−k

,

where Sk
n are Stirling’s numbers of the first kind and ()k is the k-th term in series expansion at z = 0, which

can be obtained from

tz

Γ(z)
=

sinπz

π
exp

[
(γ + ln t) z +

∞∑
k=2

ζ(k)

k
zk

]
.

Tauberian theorems

Let call function φ slow varying if ∀λ > 0 limx→∞
φ(λx)
φ(x) = 1 (logarithmic function and any function having

a limit at infinity are examples). It can be shown [1, v.2, p.508] that

f̃(s) ∼ s−µφ(1/s), s→ +0 ⇐⇒ F (t) ∼ tµ

Γ(µ+ 1)
φ(t), t→∞,

f̃(s) ∼ s−µφ(s), s→∞ ⇐⇒ F (t) =
tµ

Γ(µ+ 1)
φ(1/t), t→ +0.

If F is differentiable then

sf̃(s) ∼ s−µφ(1/s), s→ +0 ⇐⇒ f(t) ∼ tµ

Γ(µ+ 1)
φ(t), t→∞,

and lims→0 sf̃(s) = ⟨f⟩t→∞ if the limit exists.

Laplace transforms of logarithmic functions

One can show that

tν−1 lnm t→ Γ(ν)

sν
P ν
m(ln s) and

1

sν
lnm s← tν−1

Γ(ν)
Qν

m(ln t),

where m ∈ Z+, P
ν
m and Qν

m are polynomials of the order m. Explicit formulas for these polynomials are

P ν
m(x) =

eνx

Γ(ν)

∂m(e−νxΓ(ν))

∂νm
, Qν

m(x) = −Γ(ν)e−νx ∂
m

∂νm

(
eνx

Γ(ν)

)
.

They can be found with the use of the recurrence relations

P ν
0 (x) = +1, P ν

1 (x) = ψ(ν)− x, P ν
m+1(x) =

∂P ν
m(x)

∂ν
+ P ν

1 (x)P
ν
m(x),

Qν
0(x) = −1, Qν

1(x) = ψ(ν)− x, Qν
m+1(x) =

∂Qν
m(x)

∂ν
−Qν

1(x)Q
ν
m(x).

Note that the difference between P and Q is only in opposite signs at ψ(2k+1)(ν), k ∈ Z+. If ν ⩽ 0 then the
transform is undefined. But we can easily define inverse Laplace transforms for these values of ν by the above
formula, taking limit for non-positive integer ν. Direct Laplace transform is still undefined for non-positive
integer ν by the above formula, but it can be defined via the inverse transform in this case.
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§6. Discrete transforms

6.1. Fourier series

Fourier series is defined in context of the following transformation:

f̂(k) =
∑
n∈Z

fne
ikn, k ∈ (−π, π],

fn =
1

2π

∫ π

−π
f̂(k)e−ikn dk, n ∈ Z.

f̂(k) is regarded as 2π-periodic so one can choose k ∈ [0, 2π) also.

Some properties:

• transform of unit function:

1→ 2πδ(k), δn0 → 1,

• argument shift and inversion:

fn+a → f̂(k)e−ika, fne
ipn → f̂(k + p), f−n → f̂(−k) ≡ f̂(2π − k),

• multiplication on argument and differentiation:

nfn → −i
df̂(k)

dk
, fn − fn−1 → f̂(k)(1− eik),

• product and convolution:

fngn →
1

2π

∫ 2π

0
f̂(κ)ĝ(k − κ) dκ,

∑
m∈Z

fmgn−m → f̂(k)ĝ(k),

• other identities:∑
n∈Z

fngn =
1

2π

∫ 2π

0
f̂(k)ĝ(2π − k) dk,

∑
n∈Z

fng−n =
1

2π

∫ 2π

0
f̂(k)ĝ(k) dk.

Transformation table:

e−α|n| → 1− q2

1− 2q cos k + q2
.

6.2. Discrete Fourier transform

Discrete Fourier transform is defined by

f̂k =

L−1∑
n=0

fne
ikn, k =

2π

L
l, l = 0, L− 1, ,

fn =
1

L

∑
k

f̂ke
−ikn, n = 0, L− 1, ,

both fn and f̂k are L-periodic. If f̂k is even function then

fn =
1

L
f̂0 +

2

L

[L−1
2 ]∑

l=1

f̂l cos

(
2πnl

L

)
+ I {L is even} (−1)

n

L
f̂L

2
.

Some properties:
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• transform of unit function:
1→ Lδk0, δn0 → 1,

• argument shift:
fn+a → f̂ke

−ika, fne
ipn → f̂k+p,

• discrete differentiation:
fn − fn−1 → f̂(k)(1− eik),

• product and convolution:

fngn →
1

L

∑
κ

f̂κĝk−κ,
L−1∑
m=0

fmgn−m → f̂kĝk,

• other identities:
L−1∑
n=0

fngn =
1

L

∑
k

f̂kĝ2π−k,

L−1∑
n=0

fngL−n =
1

L

∑
k

f̂kĝk.

Transformation table: ∑
k ̸=0

1

1− cos k
=
L2 − 1

6
.

6.3. Generating function

Generating function is defined in context of the following transformation:

f̃(q) =
∞∑
n=0

fnq
n, q ∈ C,

fn =
1

2πin!

∮
q=0

f̃(q) dq

qn+1
≡ f̃ (n)(0)

n!
, n ∈ Z+,

here f̃(q) is the generating function of the sequence {fn}; fn is assumed to be zero for n < 0.
Some properties:

• transform of unit function:

1→ 1

1− q
, δn0 → qn,

• shift and dilatation:
fn−a → f̃(q)qa, a ⩾ 0, fnp

n → f̂(pq),

• multiplication on argument, differentiation, and summation:

nfn → q
d

dq
f̃(q), fn+1 − fn →

f̃(q)(1− q)− f0
q

, fn − fn−1 → f̃(q)(1− q),
n∑

m=0

fm →
f̃(q)

1− q
,

• convolution:
n∑

m=0

fmgn−m → f̃(q)g̃(q).

Tauberian theorems: Karamata proved for slow varying function L that

f̃(q) ∼ 1

(1− q)µ
L

(
1

1− q

)
, q → 1− 0, µ ⩾ 0 =⇒

n∑
m=0

fm ∼
nµ

Γ(µ+ 1)
L(n), n→∞,

and if the sequence {fn} is monotonic then

fn ∼
nµ−1

Γ(µ)
L(n), n→∞.

In particular, if µ = 0 then the statement becomes trivial:
∑∞

m=0 fm = f̃(1).
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